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PREFACE

This is a textbook for a first course in differential equations. The book is intended for science
and engineering majors who have completed the calculus sequence, but not necessarily a
first course in linear algebra. It emphasizes a systems approach to the subject and integrates
the use of modern computing technology in the context of contemporary applications from
engineering and science.

Differential equations is an old and venerable subject that will always play a central
role in describing phenomena that change over time. Indeed, at least one course in dif-
ferential equations is part of the curriculum of most engineering and science students.
Our goal in writing this text is to provide these students with both an introduction to,
and a survey of, modern methods, applications, and theory of this beautiful and pow-
erful mathematical apparatus that is likely to serve them well in their chosen field of
study. The subject matter is presented in a manner consistent with the way practitioners
use differential equations in their work; technology is used freely, with more emphasis
on methods, modeling, graphical representation, qualitative concepts, and geometric in-
tuition than on theoretical issues. For example, some important theoretical results, such
as theorems guaranteeing existence and uniqueness of solutions to initial value problems,
are not proved. Nevertheless, they are carefully stated, illustrated by examples, and used
frequently.

Any student who studies major portions of this book, does a reasonable number of the
section exercises, and completes some of the chapter projects will surely develop an appre-
ciation for the power of differential equations to shed light on issues of societal importance.
In addition, he or she will acquire skills in modeling, analysis, and computer simulation
that will be useful in a wide variety of situations. It is for such students that we have written
this book.

New to This Edition

In René Descartes’ Discourse on the Method, he reflected “that there is seldom so much
perfection in works composed of many separate parts, upon which different hands had
been employed, as in those completed by a single master. Thus it is observable that the
buildings which a single architect has planned and executed, are generally more elegant and
commodious than those which several have attempted to improve, by making old walls serve
for purposes for which they were not originally built.” In the face of Descartes’ observations,
we plead guilty to the fact that many hands have been employed in the development of this
textbook. In addition to the three principal authors (some of the walls built by Dick DiPrima
still exist, and we believe still serve admirably the purpose for which they were intended), the
content and manner of presentation has been greatly influenced by numerous colleagues,
teachers, reviewers and students. Furthermore, these players “stand on the shoulders of
giants” who have contributed to the development and application of differential equations
during the last three hundred years.

Computer technology and new applications of importance to engineers and scientists
continue to make the subject of differential equations a moving target. In addition, our ideas
about how to best teach the subject continue to evolve. In this second edition, we have
followed the same pedagogical principles and pragmatic forces that guided us in writing
the first edition. We have attempted to improve the exposition in response to comments and
opinions of students and users of the first edition. Our book offers an alternative choice to

Vi
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many, if not most, of the conventional approaches taken in the current crop of differential
equations textbooks.

P We have rewritten Section 1.1 to introduce fundamental concepts and issues early on:

Major Features
>

notions of differential equations and where they come from, mathematical models,
solutions, and direction fields.

Using the groundwork laid in Section 1.1, in Section 1.2 we present the method of
integrating factors for solving first order linear equations.

Section 3.2 has been rewritten to introduce constant coefficient linear systems in the
context of a meaningful renewable energy application, that of a rock pile used to store
heat energy acquired during daytime to help keep a greenhouse warm during nighttime.
The discussion is a two-dimensional parallel to the discussion in Section 1.1: the reader
is introduced to systems of differential equations, vector notation, solutions of systems,
phase portraits and direction fields.

In Section 3.3, we use the eigenvalue method to solve first order linear constant coefficient
systems for which the eigenvalues of the matrix of coefficients are real and distinct. This
section has been rewritten to reflect the changes made in Section 3.2, in particular, those
related to the greenhouse/rockbed example. While one purpose of the eigenvalue method
is to find solutions of linear constant coefficient systems, perhaps more important is the
additional quantitative and qualitative information the approach provides: growth and
decay rates of solutions and corresponding transient and long term behavior, principal
directions of motion in the phase plane, and natural frequencies in vibration problems
(treated later in Chapter 4 and in Chapter 6). Some of these ideas are illustrated by the
greenhouse/rockbed problem in which the eigenvalues of the coefficient matrix can be
associated with two distinct time scales corresponding to two separate regimes in the
cooling process.

Section 4.2 has been rewritten to help clarify the close relationship between second order
linear equations and first order linear systems of dimension two. The discussion of linear
operators, which has been slightly extended, also begins at a more elementary level. The
method of reduction of order appears in the problem set at the end of this section; it is
clearly an optional topic for the instructor.

Section 4.3 now uses results from Chapter 3 and Section 4.2 to construct general solu-
tions of linear homogeneous equations with constant coefficients and their equivalent
dynamical system formulations. Subsequent discussion focuses on scalar equations, but
qualitative issues such as phase portraits and stability properties of equilibrium solu-
tions are readily accessible. Optional material on Cauchy—Euler equations appears in the
problem set at the end of this section.

Problems have been added, modified, or replaced in accordance with changes in the
exposition of Chapters 1 through 4.

We have added a problem set to the end of Appendix B: Complex Variables.

Flexible Organization. Chapters are arranged, and sections and projects are structured,
to facilitate choosing from a variety of possible course configurations depending on
desired course goals, topics, and depth of coverage.

Numerous and Varied Problems. Throughout the text, section exercises of varying
levels of difficulty give students hands-on experience in modeling, analysis, and computer
experimentation.
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Emphasis on Systems. Systems of first order equations, a central and unifying theme
of the text, are introduced early, in Chapter 3, and are used frequently thereafter.

Linear Algebra and Matrix Methods. Two-dimensional linear algebra sufficient for
the study of two first order equations, taken up in Chapter 3, is presented in Section 3.1.
Linear algebra and matrix methods required for the study of linear systems of dimension
n (Chapter 6) are treated in Appendix A.

Optional Computing Exercises. In most cases, problems requesting computer gen-
erated solutions and graphics are optional.

Visual Elements. The text contains a large number of illustrations and graphs. In addi-
tion, many of the problems ask the student to compute and plot solutions of differential
equations.

Contemporary Project Applications. Optional projects at the ends of Chapters 2
through 7 integrate subject matter in the context of exciting, contemporary applications
in science and engineering. Among these are controlling the attitude of a satellite, ray
theory of wave propagation, uniformly distributing points on a sphere, and vibration
analysis of tall buildings.

Laplace Transforms. A detailed chapter on Laplace transforms discusses systems, dis-
continuous and impulsive input functions, transfer functions, feedback control systems,
poles, and stability.

Control Theory. Ideas and methods from the important application area of control
theory are introduced in some examples, some projects, and in the last section on Laplace
Transforms. All of this material is optional.

Recurring Themes and Applications. Important themes, methods, and applications,
such as dynamical system formulation, phase portraits, linearization, stability of equilib-
rium solutions, vibrating systems, and frequency response are revisited and reexamined
in a variety of mathematical models under different mathematical settings.

Chapter Summaries. A summary at the end of each chapter provides students and
instructors with a birds-eye view of the most important ideas in the chapter.

Answers to Problems. Answers to the problems are provided at the end of the book;
many of them are accompanied by a figure.

The book emphasizes differential equations and applications within the systems framework.
Two-dimensional linear systems appear early, in Chapter 3, following a treatment of first
order equations in Chapters 1 and 2. Second order equations, taken up in Chapter 4, are
not only dealt with directly, but are also presented in the context of first order systems.
Higher order equations are subsumed within the logical extension from two dimensions to
n dimensions in Chapter 6. We feel an early introduction to systems offers advantages over
more traditional presentation formats for several reasons:

>

The systems paradigm has not only permeated all fields of engineering and the natural
sciences, but quantitative areas of the business sciences, such as economics and finance,
as well. Most realistic problems in these disciplines consist of two or more components
that interact in some manner. For such problems, the systems approach often facilitates
modeling and analysis.
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P> Virtually all initial value problem solvers require that second and higher order scalar
equations and systems be written as systems of first order equations. Since many of the
problems and projects in this text are enhanced by numerical simulations and graphical
presentations, it is important for the student to be able to cast problems as systems of
first order equations early in the course.

P> The student gets early exposure to the geometry of phase portraits along with the im-
portant relationship between eigenvalues and qualitative concepts such as long-term
behavior of solutions and stability of equilibrium points.

P> The systems approach helps promote a unified view of differential equations, in contrast
to a perception shared by many students that the subject is a collection of somewhat
distinct topics (first order equations, second order equations, nth order equations, and
first order systems), each with its own method of solution.

Matrices and Linear Algebra

Students come to a differential equations course with widely varying knowledge of linear
algebra and matrices. Some have had a full semester course, but many have had a much
smaller exposure to the subject. In addition, many instructors prefer, or have time, to cover
only two-dimensional systems, while others may wish to discuss systems in # dimensions.
To accommodate these variations we present a two-tiered approach to systems of first order
differential equations.

Chapter 3 deals primarily with systems of two linear homogeneous differential equations
with constant coefficients. The algebraic skills that are needed to handle such systems are
(1) solving two-dimensional linear algebraic systems, and (2) solving quadratic equations.
These are skills that all differential equations students have, and Section 3.1 provides the
opportunity to review them. What may be new to students in this section is the terminology
and geometry associated with the eigenvalue problem for 2 x 2 matrices. Our experience is
that students readily understand how to solve the eigenvalue problem in a two-dimensional
setting, since they already know the underlying mathematics.

We want to emphasize that the treatment of two-dimensional linear systems in Chapter 3
is sufficient to make the rest of the book, except for Chapter 6, accessible to students. In
other words, a quite limited knowledge of linear algebra and matrix methods is sufficient
to handle most of the material in this book.

However, many important applications require consideration of systems of dimension
greater than two. For those instructors who want to go beyond two-dimensional systems,
we include a consideration of n-dimensional systems in Chapter 6. To deal with such
systems effectively, we require additional machinery from linear algebra and matrix theory.
Appendix A provides a summary of the necessary results from these areas required by
Chapter 6. Readers with little or no previous exposure to this material will find it necessary
to study some, or all, of Appendix A before proceeding on to Chapter 6. An alternative
way to utilize Appendix A is to undertake the study of Chapter 6 directly, drawing upon
necessary results from Appendix A as needed. The topics covered in Appendix A are treated
in as independent a manner as possible, allowing the instructor to pick and choose on the fly.
The depth of coverage will, of course, be determined by the background of the students and
the course goals of the instructor. This approach may be preferred if the students already
have an adequate background in matrix algebra, or if the calculation of eigenvalues and
eigenvectors is to be performed primarily by using a computer or a calculator. Using this
approach, coverage of Chapter 6 can be greatly streamlined. Appendix A provides all that is
needed (and only what is needed) from matrix algebra to handle the systems of differential
equations in Chapter 6. It is not an introduction to abstract linear algebra; rather, it focuses
on the computational issues that are needed in Chapter 6.
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Due to the availability of modern interactive computing environments such as MATLAB®
Maple®, and Mathematica®, it is now easy for students to approximate solutions of
differential equations numerically, and to visualize them graphically. In this text, the com-
puter is used in two different ways:

P Itis employed as a tool to help convey the proper subject matter of differential equations,
especially through the use of graphics.

P> In most realistic problems it is not possible to obtain closed-form analytic solutions of
systems of equations. Even in a first course in differential equations, computer technology
permits the treatment of serious, contemporary applications arising from problems in
engineering and science. We include many such applications, some in the main text but
primarily in the chapter projects.

Problems that require the use of a computer are marked with . While we feel that students
will benefit from using the computer on those problems where numerical approximations
or computer generated graphics are requested, in most problems it is clear that use of a
computer, or even a graphing calculator, is optional. Furthermore, there are a large number
of problems that do not require the use of a computer. Thus, the book can easily be used in
a course without using any technology.

At the end of each chapter (except Chapter 1) we have included projects that deal with
contemporary problems normally not included among traditional topics in differential
equations.

P> Many of the projects involve applications, drawn from a variety of disciplines, that illus-
trate either a physical principle or a prediction, design, control, or management strategy.
To engineers and scientists in training, such problems effectively display the utility and
importance of differential equations as a tool that can be used to effect change upon the
world in which we live. Through these projects we are able to emphasize the active role
that differential equations play in modern science and engineering in addition to their
important, but more passive, role in simply describing phenomena that change over time.

P> The projects integrate and/or extend the theory and methods presented in the core material
in the context of specific problems difficult enough to require some critical and imagi-
native thinking. By demonstrating the usefulness of the mathematics, a project can be a
valuable tool for enhancing students’ comprehensive understanding of the subject matter.

P> Many of the projects require modeling, analysis, numerical calculations, and interpreta-
tion of results. They are structured in the sense that the early exercises guide the reader
through the modeling, analysis, and computations while later exercises are frequently
more open-ended and demand more from the reader in the way of original and critical
thinking. It is not necessary for a student to do all of the exercises to benefit from a project.
Indeed, even the idea of the application can be an eye-opening experience for students.

P In our experience, a great deal of knowledge transfer occurs as a result of the student—
student and teacher—student dialogue over the course of the project.

P> For some, mathematical modeling may mean finding an accurate mathematical descrip-
tion of a given set of raw data. For example, following a discussion of a variety of different
population models and their properties, the student may be asked to find one that best fits a
set of historical population data. This is an interesting and worthwhile endeavor requiring
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some resourcefulness and knowledge of elementary methods on the part of the student.
Lack of structure is, in fact, a desirable aspect and typifies problems that arise in biology,
for example. For others, modeling may mean writing down an appropriate set of differ-
ential equations based on known physical laws. In such cases, relatively sophisticated
methods may be required to analyze the problem. Few, if any, students are able to
devise or derive such methods in any reasonable amount of time. Structured projects
may introduce such methods and guide the student through the analysis. These types
of projects provide important mathematical tools for the toolbox of the engineer or
scientist in training. Most of the projects in this textbook are of this type.

P> Projects vary in length and level of difficulty. Less demanding ones may be assigned

on an individual basis. More challenging projects may be assigned to small groups
or to individual students in an honors class. A few of the projects may require some
programming guidance from the instructor. Assuming that all of the problems for each
project are worked out, the table below indicates the approximate level of difficulty
for the analysis and computational components: Beginning (B), Intermediate (I), or
Advanced (A). Level of difficulty can be adjusted by suitably restricting assigned
problems. With respect to the analysis component, a B level of difficulty roughly
corresponds to that of an end of the section problem, with I and A representing
increasingly more challenging problems. With respect to the computational component,

Level of Difficulty

Section | Project Title Analysis | Computation
2.P.1 Harvesting a Renewable Resource B
2.P.2 Designing a Drip Dispenser for a Hydrology

Experiment I B
2.P.3 A Mathematical Model of a Groundwater

Contaminant Source 1 1
2.P.A4 Monte Carlo Option Pricing: Pricing Financial

Options by Flipping a Coin B A
3.P.1 Eigenvalue-Placement Design of a Satellite

Attitude Control System I B
3.P.2 Estimating Rate Constants for an Open

Two-Compartment Model I A
3.P.3 The Ray Theory of Wave Propagation I I
3.P4 A Blood-Brain Pharmacokinetic Model B 1
4.P.1 A Vibration Insulation Problem I I
4.P.2 Linearization of a Nonlinear Mechanical System 1 B
4.P.3 | A Spring-Mass Event Problem I B
4.P.4 Uniformly Distributing Points on a Sphere I A
4.P.5 Euler-Lagrange Equations A
5.P.1 An Electric Circuit Problem B B
5.P.2 Effects of Pole Locations on Step Responses of

Second Order Systems I B
5.P.3 The Watt Governor, Feedback Control, and

Stability A I
6.P.1 A Compartment Model of Heat Flow in a Rod B 1
6.P.2 Earthquakes and Tall Buildings A A
6.P.3 Controlling a Spring-Mass System to

Equilibrium A A
7.P.1 Modeling of Epidemics I B
7.P.2 Harvesting in a Competitive Environment A B
7.P.3 The Rossler System 1 I
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a B level of difficulty means that only direction fields, phase portraits, or component
plots for standard differential equations or systems are requested. An I level of difficulty
signifies that there may be discontinuities present, or that some data analysis, such
as curve fitting, is required. Finally, an A level of difficulty generally means that
some elementary programming, possibly involving functions and loop structures, is
required.

Computer Simulations

In most realistic problems it is not possible to obtain closed-form analytic solutions of
systems of equations. Usually initial value problem (IVP) solvers contained in commercial
software packages such as MATLAB, Maple, or Mathematica are used to obtain numerical
approximations to solutions. Our understanding of the problem then depends to a large extent
on visualization and interpretation of plots of the graphs of these approximations, usually
as one or more parameters in the problem are varied. Computer experiments of this type are
called computer simulations. In combination with analytical theory, analytical methods, and
qualitative techniques, computer simulations provide us with an additional powerful tool for
studying the behavior of systems. Many modern engineering and scientific problems, for
example, weather prediction, aircraft design, economic forecasting, epidemic modeling, and
industrial processes are studied with the aid of computer simulations. Computer simulations
of systems of differential equations may be viewed as part of a larger subject area frequently
referred to as computational science. On a small scale, many of the section exercises and
chapter projects expose the student to some of the following pragmatic issues that confront
the computational scientist:

P> There may be a considerable number of trial and error simulations required enroute to
obtaining a successful set of results.

P Errors of one kind or another can occur in a number of different phases of the problem
solving process: inaccuracies in the modeling, programming errors, failure of existence
or uniqueness in the mathematical problem itself, and ill-behavior of the system relative
to the numerical method employed to solve the IVP.

P> For certain parameter values it is advantageous to have either exact solutions or analytical
approximations that can be compared with the numerical approximation.

P Efficiently and effectively presenting and displaying output data generated from numer-
ical simulations of complex problems can be a challenge, but it is also an aspect of the
problem where imagination and creativity may be effectively used.

P Common sense and a healthy degree of skepticism when viewing output results, such as
the numbers or the graphs, are desirable traits to develop.

P> The better you understand your computational tool—its capabilities and limitations—the
better off you are.

P> The ability to conduct high quality simulation experiments is a craft that requires knowl-
edge of several technical skills, and is developed through education and experience.

Numerical Algorithms

IVP solvers available in MATLAB, Maple, or Mathematica should be used to perform most
of the numerical calculations required in section exercises and chapter projects. Neverthe-
less, we introduce Euler’s method for a scalar first order equation in Section 1.3. We return
in Sections 2.7 and 2.8 to a discussion of errors and of methods more efficient than Euler’s
for approximating solutions numerically. In Section 3.7 we extend these methods to systems
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of first order equations. There are several reasons why we include introductory material on
numerical algorithms in the text.

P> Euler’s method, in particular, gives great insight into the meaning of a dynamical system
(system of first order differential equations) in that it provides a simple algorithm for
advancing the state of the dynamical system in discrete time.

P The Runge-Kutta method, while less intuitive than the Euler method, shows how a
cleverly designed algorithm can yield great rewards in terms of accuracy and efficiency.

P> Numerical methods are an important component of the body of knowledge of differential
equations. It is conceivable that many instructors may wish to provide their students with
an introduction to some of the algorithms and their analysis.

P> There are situations where a slight modification of an elementary numerical method,
such as Euler’s method, may provide a satisfactory scheme for approximating the
solution of a problem. Illustrations of this are contained in the projects presented in
Section 2.P4, Monte Carlo Option Pricing, and Section 4.P.4, Uniform Distribution of
Points on a Sphere.

Power Series Methods

Since numerical approximation methods are now much more efficient than analytical ap-
proximations based on power series, power series methods have become less important with
the passage of time. Consequently, more and more colleges and universities are omitting the
treatment of power series methods from their first course in differential equations. Power
series methods are important for equations having singular points, such as Bessel’s or Leg-
endre’s equations. These equations arise most naturally from solving partial differential
equations by the method of separation of variables, a topic that is usually not dealt with in
a one-semester first course. In view of this, and consistent with the spirit of this text, we
have not included a chapter on power series methods.

Relation of This Text to Boyce and DiPrima

Brannan and Boyce is an offshoot of the well-known textbook by Boyce and DiPrima.
Readers familiar with Boyce and DiPrima will doubtless recognize in the present book
some of the hallmark features that distinguish that textbook.

To help avoid confusion among potential users of either text, the primary differences are
described below:

P> Brannan and Boyce is more sharply focused on the needs of students of engineering
and science, whereas Boyce and DiPrima targets a somewhat more general audience,
including engineers and scientists.

P> Brannan and Boyce is intended to be more consistent with the way contemporary scien-
tists and engineers actually use differential equations in the workplace.

P> Brannan and Boyce emphasizes systems of first order equations, introducing them earlier,
and also examining them in more detail than Boyce and DiPrima. Brannan and Boyce
has an extensive appendix on matrix algebra to support the treatment of systems in n
dimensions.

P> Brannan and Boyce integrates the use of computers more thoroughly than Boyce and
DiPrima. Brannan and Boyce introduces numerical approximation methods in Chapter 1,
and assumes that most students will use computers to generate approximate solutions
and graphs throughout the book.
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P> Brannan and Boyce emphasizes contemporary applications to a greater extent than Boyce
and DiPrima, primarily through end of chapter projects.

P> Brannan and Boyce makes somewhat more use of graphs, with more emphasis on phase
plane displays, and uses engineering language (for example, state variables, transfer
functions, gain functions, and poles) to a greater extent than Boyce and DiPrima.

Options for Course Structure

Chapter dependencies are shown in the following block diagram.

h ré4
ngg;i d Chapter 5
e Order - The
Linear EpERE
Equations Transform
Chapter 3 Chapter 6 eSS 1
C_hapter 2 Systems of Systems of : Appendix A :
Chapter 1 First Order - <« q
Introduction Differential 1A > | Matrix ~
: First Order Linear 1 Algebra !
Equations Equations Equations g :
Chapter 7
Nonlinear
3| Differential
Equations
and Stability

The book has much built-in flexibility and allows instructors to choose from many
options. Depending on the course goals of the instructor and background of the students,
selected sections may be covered lightly or even omitted.

P> Chapters 5, 6, and 7 are independent of each other, and Chapters 6 and 7 are also
independent of Chapter 4. It is possible to spend much class time on one of these
chapters, or class time can be spread over two or more of them.

P The amount of time devoted to projects is entirely up to the instructor.

P> For an honors class, a class consisting of students who have already had a course in
linear algebra, or a course in which linear algebra is to be emphasized, Chapter 6 may
be taken up immediately following Chapter 2. In this case, material from Appendix A,
as well as sections, examples, and problems from Chapters 3 and 4 may be selected on
an as needed, or desired, basis. This offers the possibility of spending more class time
on Chapters 5, 7 and/or selected projects.

Comments on the Use of Projects. There are several ways of using projects in the
course.

P> For some of the projects, the work may be done outside of the classroom on an individual
basis.

P> Some of the lengthier, more challenging projects might be more appropriately assigned
to small groups of students.
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P> Enough exposition is provided in a few of the projects so that students can derive

some benefit from simply reading about the application. For example, students may
be interested in James Watt’s clever use of a centrifugal pendulum for controlling the
speed of a steam engine as described in Section 5.P.3, or how systems of ordinary
differential equations are used to describe wave propagation as described in Section
3.P3. Of course, more benefit may be derived by doing some or all of the project
exercises.

Some instructors may wish to incorporate one or two projects into the course, with a
lecture devoted to each one.

An optional strategy, say for a modeling course, is to design the course to be “project
driven”. In this approach, selected projects are used to drive the discussion of the
mathematics required to solve the problems posed in the project. The discussion of
mathematical methods and theory are then intertwined with the project. This might be
appropriate for some of the projects that are highly integrative in nature. For exam-
ple, virtually every topic in Chapter 6, and then some, is utilized to solve the problem
posed in Section 6.P.3, Controlling a Spring-Mass System to Equilibrium. Similarly,
most of the machinery of Chapter 5 is required to solve the problem in Section 5.P.3,
The Watt Governor, Feedback Control, and Stability. The projects then serve to motivate
the mathematics.

P> Projects can be given as “extra credit” assignments.
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Supplemental Resources for Instructors and Students

An Instructor’s Solutions Manual, ISBN 978-0-470-45826-6 includes solutions for all
problems in the text.

A Student Solutions Manual, ISBN 978-0-470-45825-9 includes solutions for selected
problems in the text.

A Companion Web site, www.wiley.com/college/brannan, provides a wealth of resources
for students and instructors, including:

P PowerPoint slides of important ideas and graphics for study and note taking.
P> Review and Study Outlines to help students prepare for quizzes and exams.

P> Online Review Quizzes to enable students to test their knowledge of key concepts. For
further review diagnostic feedback is provided that refers to pertinent sections in the text.

P> Additional problems for use with Mathematica, Maple, and MATLAB, allowing oppor-
tunities for further exploration of important ideas in the course utilizing these computer
algebra and numerical analysis packages.

WileyPLUS Expect More from Your Classroom Technology

This text is supported by WileyPLUS—a powerful and highly integrated suite of teaching
and learning resources designed to bridge the gap between what happens in the classroom
and what happens at home. WileyPLUS includes a complete online version of the text,
algorithmically generated exercises, all of the text supplements, plus course and homework
management tools, in one easy-to-use website.

Organized around the everyday activities you perform in class, WileyPLUS helps you:

P Prepare and Present: WileyPLUS lets you create class presentations quickly and
easily using a wealth of Wiley-provided resources, including an online version of the
textbook, PowerPoint slides, and more. You can adapt this content to meet the needs of
your course.

b Create Assignments: WileyPLUS enables you to automate the process of assigning
and grading homework or quizzes.

P Track Student Progress: An instructor’s gradebook allows you to analyze individual
and overall class results to determine students’ progress and level of understanding.

P Promote Strong Problem-Solving Skills:  WileyPLUS can link homework problems
to the relevant section of the online text, providing students with context-sensitive help.
WileyPLUS also features mastery problems that promote conceptual understanding of
key topics and video walkthroughs of example problems.

P Provide Numerous Practice Opportunities: Algorithmically generated problems
provide unlimited self-practice opportunities for students, as well as problems for home-
work and testing.

P Support Varied Learning Styles: WileyPLUS includes the entire text in digital format,
enhanced with varied problem types to support the array of different student learning
styles in today’s classrooms.

P Administer Your Course: You can easily integrate WileyPLUS with another course
management system, gradebooks, or other resources you are using in your class, enabling
you to build your course, your way.
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WileyPLUS includes a wealth of instructor and student resources:

Student Solutions Manual: Includes worked-out solutions for all odd-numbered prob-
lems and study tips.

Instructor’s Solutions Manual: Presents worked out solutions to all problems.

PowerPoint Lecture Notes: Ineach section of the book a corresponding set of lecture
notes and worked out examples are presented as PowerPoint slides that are tied to the
examples in the text.

View an online demo at www.wiley.com/college/wileyplus or contact your local Wiley
representative for more details.

The Wiley Faculty Network—Where Faculty Connect

The Wiley Faculty Network is a faculty-to-faculty network promoting the effective use of
technology to enrich the teaching experience. The Wiley Faculty Network facilitates the
exchange of best practices, connects teachers with technology, and helps to enhance instruc-
tional efficiency and effectiveness. The network provides technology training and tutorials,
including WileyPLUS training, online seminars, peer-to-peer exchanges of experiences and
ideas, personalized consulting, and sharing of resources.

Connect with a Colleague. Wiley Faculty Network mentors are faculty like you, from educational
institutions around the country, who are passionate about enhancing instructional efficiency
and effectiveness through best practices. You can engage a faculty mentor in an online
conversation at www.wherefacultyconnect.com.

Participate in a Faculty-Led Online Seminar. The Wiley Faculty Network provides you with virtual
seminars led by faculty using the latest teaching technologies. In these seminars, faculty
share their knowledge and experiences on discipline-specific teaching and learning issues.
All you need to participate in a virtual seminar is high-speed Internet access and a phone
line. To register for a seminar, go to www.wherefacultyconnect.com.

Connect with the Wiley Faculty Network
Web: www.wherefacultyconnect.com
Phone: 1-866-4FACULTY
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Introduction

n this introductory chapter we try to give perspective to your study

of differential equations. We first formulate several problems to

introduce terminology and to illustrate some of the basic ideas

that we will return to frequently in the remainder of the book.

We introduce three major methods—geometrical, analytical, and

numerical—for investigating the solutions of these problems. We
then discuss several ways of classifying differential equations in order to provide
organizational structure for the book.

1.1 Mathematical Models, Solutions,
and Direction Fields

Many of the principles, or laws, underlying the behavior of the natural world are statements,
or relations, involving rates at which one variable, say y, changes with respect to another
variable, ¢, for example. Most often, these relations take the form of equations containing y
and certain of the derivatives ', y”, ..., ¥ of y with respect to 7. The resulting equations
are then referred to as differential equations. Some examples of differential equations that
will be studied in detail later on in the text, are
yi=r (1 — %) v,  anequation for population dynamics,
my” +vyy +ky =0, theequation for a damped spring-mass system, and

0" + ?9 =0, the pendulum equation.

The subject of differential equations was motivated by problems in mechanics, elasticity,
astronomy, and geometry during the latter part of the 17th century. Inventions (or discoveries)
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in theory, methods, and notation evolved concurrently with innovations in calculus. Since
their early historical origins, the number and variety of problems to which differential equa-
tions are applied have grown substantially. Today, scientists and engineers use differential
equations to study problems such as

airflow around airplanes and design of airplanes,
ship design,

controlling the flight of airplanes and rockets,
designing medical imaging technologies,
designing electric circuits,

earthquake detection and prediction,

heat transfer,
weather forecasting,
designing optimal vaccination policies to prevent the spread of disease,

>

>

| 2

>

>

>

P> wave propagation,
>

>

| 4

P> forecasting and managing the harvesting of fish populations, and
| 2

determining the price of financial derivatives.

All fields of science and engineering, as well as several of the business and social sciences,
use differential equations.

We often refer to a differential equation that describes some physical process as a math-
ematical model of the process; many such models are discussed throughout this book. In
this section, we begin with a few models leading to equations that can be solved by using an
integration technique from calculus. These examples suggest that even simple differential
equations can provide useful models of important physical processes.

Heat Transfer: Newton’s Law of Cooling.

EEEN
EXAMPLE
1

If amaterial object is hotter or colder than the surrounding environment, its temperature will
approach the temperature of the environment. If the object is warmer than the environment,
its temperature will decrease. If the object is cooler than the environment, then its temper-
ature will increase. Sir Isaac Newton postulated that the rate of change of the temperature
of the object is negatively proportional to the difference between its temperature and the
temperature of the surroundings (the ambient temperature). This principle is referred to
as Newton’s law of cooling.

Suppose we let u(¢) denote the temperature of the object, and let 7" be the ambient
temperature (see Figure 1.1.1). Then du/dt is the rate at which the temperature of the object
changes. Invoking Newton’s postulate, we get the mathematical relation

du

7 x —(u—T).
Introducing a positive constant of proportionality £ called the transmission coefficient, we
then get the differential equation

d

™ _kw-T), o ' =—ku~—T) (1)

dt

Note that the minus sign on the right side of Eq. (1) causes du/dt to be negative if u(f) > T,
while du/dt is positive if u(f) < T. The transmission coefficient measures the rate of heat
exchange between the object and its surroundings. If & is large, the rate of heat exchange is
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Temperature u

Natural or convective flow
at temperature T

Ll =N ENE Newton’s Law of Cooling: the time rate of change of u, du/dt, is
negatively proportional tou — T': du/dt o« —(u — T).

rapid. If k is small, the rate of heat exchange is slow. This would be the case, for example,
if the object was surrounded by thick insulating material.

The temperatures u and 7" are measured in either degrees Fahrenheit (°F), degrees Celsius
(°C), or kelvin (K). Time is usually measured in units that are convenient for expressing time
intervals over which significant changes in « occur, such as minutes, hours, or days. Since the
left side of Eq. (1) has units of temperature per unit time, & must have the units of (time) ™.

Newton’s law of cooling is applicable to situations in which the temperature of the object
is approximately uniform at all times. This is the case for small objects that conduct heat
easily, or containers filled with a fluid that is well mixed. Thus we expect the model to be
reasonably accurate in predicting the temperature of a small copper sphere, a well-stirred
cup of coffee, or a house in which the air is continuously circulated, but the model would
not be very accurate for predicting the temperature of a roast in an oven.

Terminology

Let us assume that the ambient temperature 7" in Eq. (1) is a constant, say 7' = T, so that
Eq. (1) becomes

u' = —k(u — Tp); (@)

later we will allow T to depend on . Common terminologies for the quantities that appear
in this equation are

time t is an independent variable,
temperature u is a dependent variable because it depends on ¢,
k and Ty are parameters in the model.

The equation is an ordinary differential equation because it has one, and only one, inde-
pendent variable. Consequently, the derivative in Eq. (2) is an ordinary derivative. It is a first
order equation because the highest order derivative that appears in the equation is the first
derivative. The dependency of u on ¢ implies that u is in fact a function of 7, say u = ¢(¢).
Thus when we write Eq. (2), three questions may, after a bit of reflection, come to mind:

1. Is there actually a function u = ¢(¢), with derivative u’ = d¢ /dt, that makes Eq. (2)
a true statement for each time ¢ ? If such a function exists, it is called a solution of the
differential equation.
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2. If the differential equation does have a solution, how can we find it?
3. What can we do with this solution, once we have found it?

In addition to methods used to derive mathematical models, answers to these types of
questions are the main subjects of inquiry in this book.

Integral Curves

By a solution of Eq. (2), we mean a differentiable function u = ¢(¢) that satisfies the
equation. One solution of Eq. (2) isu = T, since Eq. (2) reduces to the identity 0 = 0 when T
is substituted for « in the equation. In other words, “It works when we put it into the equation.”

If we assume that u # Ty, we can discover other solutions of Eq. (2) by first rewriting it
in the form

du/dt
e ®

By the chain rule the left side of Eq. (3) is the derivative of In |u — 7| with respect to ¢, so
we have

d
T Inju —To| = —k. 4)

Then, by integrating both sides of Eq. (4), we obtain
Inju — Ty| = —kt + C, (5)

where C is an arbitrary constant of integration. Therefore, by taking the exponential of both
sides of Eq. (5), we find that

lu— Tyl = e ™+ = e, (6)
or
u—Ty=+eCe ™, (7)
Thus
u="Ty+ce " (8)

is a solution of Eq. (2), where ¢ = = ¢ is also an arbitrary (nonzero) constant. Note that if
we allow c to take the value zero, then the constant solution u = T is also contained in the
expression (8).

The sequence of steps leading from Eq. (2) to Eq. (8) proves that u = Ty + ce™", where
¢ is an arbitrary real number, is a solution of Eq. (2). For an interesting alternative method
of solving Eq. (2) using geometric series, see Problem 29.

If we were simply asked to verify that u in Eq. (8) is a solution of Eq. (2), then we would
need to substitute ce™¥ + T for u in Eq. (2) and show that the equation reduces to an
identity, as we now demonstrate.

EEEN
EXAMPLE
2

Verify by substitution that u = Ty 4+ ce™, where c is an arbitrary real number, is a solution
of Eq. (2),

u' = —k(u — Tp), )

on the interval —oo < ¢ < oo.
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Substituting ¢(t) = Ty +ce ™™ for u in the left side of the equation gives
¢'(t) = —kce ™ while substituting ¢(¢) for u into the right side yields
—k(Ty + ce™ — Ty) = —kce . Thus, upon substitution, Eq. (2) reduces to the identity

—kce™™ = —fce ™", —oco0 <t < o0,

for each real number ¢ and each value of the parameter £.

The expression (8) contains all possible solutions of Eq. (2) and is called the general
solution to the equation. The geometrical representation of the general solution (8) is an
infinite family of curves in the fu-plane called integral curves. Each integral curve is
associated with a particular value of ¢; it is the graph of the solution corresponding to that
value of c.

Although we can sketch, by hand, qualitatively correct integral curves described by
Eq. (8), we will assign numerical values to k£ and T, and then use a computer to plot the
graph of Eq. (8) for some different values of c. Setting k = 1.5 day~! and 7y = 60°F in
Eq. (2) and Eq. (8) gives us

du
— = —1.5(u — 60), 10
' (u — 60) (10)
with the corresponding general solution
u =60+ ce . (11)

In Figure 1.1.2 we show several integral curves of Eq. (10) obtained by plotting the graph
of the function in Eq. (11) for different values of c.

u

c=15
708

Cc=
65~ =5
60 <=2

c—-5
55 c=-1
50 c=-15
| | | | |
0.5 1 15 2 2.5 t

Integral curves of u’ = —1.5(u — 60). The curve corresponding to ¢ = 10
in Eq. (11) is the graph of u = 60 + 10e~", the solution satisfying the
initial condition u#(0) = 70. The curve corresponding to ¢ = 0 in Eq. (11)
is the graph of the constant solution u# = 60, which satisfies the initial
condition u(0) = 60.
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Initial Value Problems

Frequently, we want to focus our attention on a single member of the infinite family of solu-
tions by specifying the value of the arbitrary constant. Most often, we do this by specifying
a point that must lie on the graph of the solution. For example, to determine the constant ¢
in Eq. (11), we could require that the temperature have a given value at a certain time, such
as the value 70 at time ¢ = 0. In other words, the graph of the solution must pass through
the point (0, 70). Symbolically, we can express this condition as

u(0) = 70. (12)
Then, substituting t = 0 and « = 70 into Eq. (11), we obtain
70 =60 + c.
Hence ¢ = 10, and by inserting this value in Eq. (11), we obtain the desired solution, namely,
u =60+ 10e~"", (13)

The graph of the solution (13) is the thick curve, labeled by ¢ = 10, in Figure 1.1.2. The
additional condition (12) that we used to determine ¢ is an example of an initial condition.
The differential equation (10) together with the initial condition (12) forms an initial value
problem.

Note that the solution of Eq. (10) subject to the initial condition # (0) = 60 is the constant
solution u = 60, the thick curve labeled by ¢ = 0 in Figure 1.1.2.

The Direction Field for v = —k(u — T)

If we did not have an expression for the solutions of Eq. (2), it is still possible to determine the
qualitative behavior of its solutions by examining the geometric meaning of the statement
u' = —k(u — Tp). Our task is simplified slightly if we assign numerical values to k and T,
but the procedure is the same regardless of which values we choose. Thus we proceed from
Eq. (10), ' = —1.5(u — 60).

Suppose that we choose a value for u. Then, by evaluating the right side of Eq. (10), we
can find the corresponding value of du/dt. For instance, if u = 70, then du/dt = —15. This
means that the slope of a solution u = ¢(¢) has the value —15 at any point where u = 70.
We can display this information graphically in the tu-plane by drawing short line segments
with slope —15 at several points on the line # = 70. Similarly, if u = 50, then du/dt = 15, so
we draw line segments with slope 15 at several points on the line # = 50. We obtain Figure
1.1.3 by proceeding in the same way with other values of u. Figure 1.1.3 is an example of
what is called a direction field, or sometimes a slope field.

The importance of Figure 1.1.3 is that each line segment is a tangent line to the graph
of a solution of Eq. (10). Consequently, by looking at the direction field we can visu-
alize how solutions of Eq. (10) vary with time. On a printed copy of a direction field
we can even sketch (approximately) graphs of solutions by drawing curves that are al-
ways tangent to line segments in the direction field. Thus the general geometric behavior
of the integral curves shown in Figure 1.1.2 can be inferred from the direction field in
Figure 1.1.3.

Even if we had not found any solutions of Eq. (10), we could still draw some qualitative
conclusions about the behavior of its solutions. For instance, if u is less than 60, then all the
line segments have positive slopes and the temperature u(¢) of the object is increasing. On
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FLelBIH=N PR Direction field and equilibrium solution u = 60 for u’ = —1.5(u — 60).

the other hand, if u is greater than 60, then the line segments have negative slopes, so the
temperature of the object is decreasing. We have already noted that the constant function
u = 60 is a solution of Eq. (10). Because it does not change with time, the solution u = 60
is called an equilibrium solution. It is the solution that corresponds to thermal equilibrium
between the object and its surroundings. The temperature of the object does not change
because the temperature gradient u — 60 = 0 when u = 60. In Figure 1.1.3 we also show
the equilibrium solution # = 60 superimposed on the direction field. From this figure we
can draw another conclusion, namely, that all other solutions seem to be converging to the
equilibrium solution as ¢ increases.

This approach can be applied equally well to the more general Eq. (2), where the param-
eters k and T are unspecified positive numbers. The conclusions are essentially the same.
The equilibrium solution of Eq. (2) is u = T. Solutions below the equilibrium solution
increase with time, those above it decrease with time, and all other solutions approach the
equilibrium solution as 7 becomes large.

The connection between integral curves and direction fields is an important concept
for understanding how the right side of a differential equation, such as ' = —k(u — Tp),
determines the behavior of solutions and gives rise to the integral curves. However, using
modern software packages, it is just as easy to plot the graphs of numerical approximations
to solutions as it is to draw direction fields. We will frequently do this because the behavior
of solutions of a first order equation is usually made most clear by overlaying the direction
field with a representative set of integral curves as shown in Figure 1.1.4. Such a sampling
of integral curves facilitates visualization of the many other integral curves determined by
the direction field generated by the right side of the differential equation.

Population Biology. Next we consider a problem in population biology. Consider a population of field
mice who inhabit a certain rural area. In the absence of predators we assume that the rate of
change of the mouse population is proportional to the current population; for example, if the
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Em Direction field for u’ = —1.5(u — 60) overlaid with the integral curves
shown in Figure 1.1.2.

population doubles, then the number of births per unit time also doubles. This assumption
is not a well-established physical law (such as the laws of thermodynamics, which underlie
Newton’s law of cooling in Example 1), but it is a common initial hypothesis' in a study
of population growth. If we denote time by ¢ and the mouse population by p(#), then the
assumption about population growth can be expressed by the equation

dp
— =rp, 14
7 =P (14)
where the proportionality factor 7 is called the rate constant or growth rate.
Now let us suppose that the field mice are preyed upon by some owls, who also live in
the same vicinity, and let us assume that the predation rate is a constant a. By modifying
Eq. (14) to take this into account, we obtain the equation

dp
dt
where both » and a are positive. Thus the rate of change of the mouse population, dp/dt, is

the net effect of the growth term 7p and the predation term —a. Depending on the values of
p, r, and a, the value of dp/dt may be of either sign.

rp —da, (15)

EEEN
EXAMPLE
3

Suppose that the growth rate for the field mice is 0.5/month and that the owls kill 15 mice/day.
Determine appropriate values for the parameters in Eq. (15), find the general solution of
the resulting equation, draw a direction field, and graph several solutions, including any
equilibrium solutions.

' A somewhat better model of population growth is discussed in Section 2.4.
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We naturally assume that p is the number of individuals in the mouse population at time z.
We can choose our units for time to be whatever seems most convenient; the two obvious pos-
sibilities are days or months. If we choose to measure time in months, then the growth term
is 0.5p and the predation term is —(15 mice/day) - (30 days/month) = —450 mice/month,
assuming an average month of 30 days. Thus Eq. (15) becomes

dp

— = 0.5p — 450, 16

T P (16)
where each term has the units of mice/month.

By following the same steps that led to the general solution of Eq. (2), we find that the
general solution of Eq. (16) is

P =900 + ce'/?, 17)

where c is again a constant of integration.

A direction field and integral curves for Eq. (16) are shown in Figure 1.1.5. For sufficiently
large values of p it can be seen from the figure, or directly from Eq. (16) itself, that dp/dt
is positive, so that solutions increase. On the other hand, for small values of p the opposite
is the case. Again, the critical value of p that separates solutions that increase from those
that decrease is the value of p for which dp/dt is zero. By setting dp/dt equal to zero in
Eq. (16) and then solving for p, we find the equilibrium solution p = 900 for which the growth
term and the predation term in Eq. (16) are exactly balanced.This corresponds to the choice
¢ = 0 in the general solution (17).

Solutions of the more general equation (15), in which the growth rate and the predation
rate are unspecified, behave very much like those of Eq. (16). The equilibrium solution of
Eq. (15) is p = a/r. Solutions above the equilibrium solution increase, while those below it
decrease.

S S S SSSfSSSSSY S S S S S S S
1000/ s/ 77777 70077

VA7 A A AV AV AV vV e avey 4 advad
Vo S o s
VT o S

950

900

850

800

05 1 15 2 25 3 35 4 45 5 ¢

FLElBIH=NN LT Direction field and integral curves, including the equilibrium solution
p =900, for p’ = 0.5p — 450.




10 | Chapter 1

Solutions and

Introduction

In each of the above examples, we note that the equilibrium solution separates increasing
from decreasing solutions. It is often helpful to use the behavior of solutions “close” to
equilibrium to help characterize the behavior of the system. Comparing the solutions to
Example 2 and Example 3 that are near the equilibrium solutions, we see that the solutions
have very different qualitative behaviors. As illustrated in Figure 1.1.4, all solutions other
than the equilibrium solution converge to, or are attracted by, the equilibrium solution,
so that after a sufficiently long time, the temperature of the object will very nearly equal
the temperature of the surroundings. This equilibrium solution is said to be asymptotically
stable, a concept that will be discussed in subsequent chapters.

On the other hand, in Example 3 solutions other than the equilibrium solution diverge
from, or are repelled by, the equilibrium solution. In this case, the equilibrium solution
is said to be unstable. Solutions behave very differently depending on whether they start
above or below the equilibrium solution. As time passes, an observer might see populations
either much larger or much smaller than the equilibrium population, but the equilibrium
solution itself will not, in practice, be observed. In both problems, however, the equilibrium
solution is very important in understanding how solutions of the given differential equation
behave.

Direction Fields for y’ = f(t, y)

The differential equations considered up to now are somewhat special in that the independent
variable ¢ does not appear in the right sides of the equations. More generally, the right side
of a first order equation can depend on both the dependent and independent variables. The
standard, or normal form, for a first order differential equation is

dy

= =ra. (18)

Here f is a given function of the two variables ¢ and y, sometimes referred to as the rate
function.

A solution of Eq. (18)is a differentiable function y = ¢(f) that satisfies the equation.
This means that if we substitute ¢(¢) into the equation in place of the dependent variable y,
the resulting equation

P'(t) = f(t, (1) (19)

must be true for all 7 in the interval where ¢ () is defined. Equation (19) may be read as “at
each point (¢, ¢(¢)) the slope ¢'(¢) of the line tangent to the integral curve must be equal to
f(t, ¢(t))"? (see Figure 1.1.6).

Itis notnecessary to have a solution of Eq. (18) to draw direction field vectors. If a solution
passes through the point (z, y), then the slope of the direction vector at that point is given by
f(¢,»). Thus a direction field for equations of the form (18) can be constructed by evaluating
f ateach point of a rectangular grid consisting of at least a few hundred points. Then, at each
point of the grid, a short line segment is drawn whose slope is the value of /" at that point.
Thus each line segment is tangent to the graph of the solution passing through that point.
A direction field drawn on a fairly fine grid gives a good picture of the overall behavior of

Recall from calculus that the direction vector for the tangent line at r(f) = ¢i+ ¢(£) jis ¥'(t) = 1i + ¢'(£)j,
which has slope ¢'(¢).



1.1 Mathematical Models, Solutions, and Direction Fields 11

y

Solution curve
y = o(t)

704 Slope vectors

|

65 -

60 —

\ \ \ \ \
0.5 1 1.5 2 2.5 ¢

FLElBIH=N NN The path taken by an integral curve of a differential equation y" = £(z, y)
is determined by the slope vectors generated by f(¢, y) at each point on
the path.

solutions of a differential equation. As we remarked earlier, with modern software packages
it is just as easy to plot a representative sample of solution curves as it is to plot a direction
field. There is no need to limit yourself to simply viewing the direction field if it is a simple
matter to overlay the plot of the direction field with the graphs of several solution curves of
the equation. The combination usually gives the clearest picture of the behavior of solutions.

To illustrate these ideas, consider the following extension of Example 1, an application
of Newton’s law of cooling to the heating and cooling of a building subject to periodic
diurnal variation in the external air temperature.

HEENEN
EXAMPLE
4

Heating and
Cooling of a
Building

Consider a building, thought of as a partly insulated box, that is subject to external temper-
ature fluctuations. Construct a model that describes the temperature fluctuations inside the
building.

Let u(¢) and T(f) be the internal and external temperatures, respectively, at time . As-
suming that the air inside and outside the enclosure is well mixed, we use Newton’s law of
cooling, just as we did in Example 1, to get the differential equation

du

= = —k[u — T(@)]. (20)

However we now allow for the external temperature to vary with time. If we assume that
the temperature of the external air is described by

T(t) = To + Asin(wt), (21
then Eq. (20) can be written as

d
d_b; +ku = kTy + kA sin ot (22)
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In Problem 30 we ask you to verify that

u=Ty+ 5 (ksinwt — wcoswt) + ce™™ (23)
[6)]

k* +
is a solution of Eq.(22), where c is an arbitrary real constant. In the next section, we present
a systematic general method for solving a class of first order equations of which Eq. (22) is
a member.

To construct a direction field and integral curves for Eq. (22), we suppose that

k=15day”!, T,=60F, A=15F, and o =27.
Thus ¢ is measured in days and
T(t) = 60+ 15sin(2nt) (24)

corresponds to a daily variation of 15°F above and below a mean temperature of 60°F.
Inserting these values for the parameters into Egs. (22) and (23) gives
du

1.5 =90 4225 sin 21 (25)

with corresponding general solution

22.5
u =60+ m(l.s sin 27t — 27 cos 2mt) + ce” . (26)

Figure 1.1.7 shows a direction field and several integral curves for Eq. (25) along with a
graph of the exterior temperature 7°(f). The behavior of solutions is a bit more complicated
than those shown in Figure 1.1.4 because the right side of Eq. (25) depends on the

“ External temperature
ST TN N T@) =60 + 15sin@re) N\
75 \§\§§\\_(:)\\\\\\\\(\J—\\§§§§
NN ST A ARV AS BAA A
70 RN SOV AN
\ NN AR NN
A\ BN AN
65 1 AN NARRR AR
, \ N AN\ R\ \ N
7/ \ ARNAN
60 /17T / Y L AN
_ /7 2/ /- LY / s \
IR AN Y
/ / 2 / -/ s
//// ,///// //////
50 ///// ////// //////
//// ////// //////
I LN
45 ////& sy ;/////
0.5 1 1.5 2 2.5 t

FHLElCI=N NIV Direction field and integral curves for u’ + 1.5u = T'(¢). The variation in
external temperature is described by 7 () = 60 + 15sin2n¢.



1.1 Mathematical Models, Solutions, and Direction Fields | 13

independent variable ¢ as well as on the dependent variable . Figure 1.1.7 shows that after
approximately two days, all solutions begin to exhibit similar behavior. From the general
solution (26), it is evident that for large ¢,

22.5
2.25+4n?
since ce” ' — 0 as t — oo. The function U(¢) in expression (27) is referred to as the

steady-state solution of Eq. (25). Using trigonometric identities, we can write U(f) in the
form (see Problem 31)

u(t) ~ U(t) = 60 + (1.5sin27¢ — 27 cos 27t), 27

1.5¢

U(t) = 60 + sin(27t — 8) ~ 60 + 3.4831sin(27t — 1.33645),  (28)

22.5
2.25 + 4m?
where § = cos™!(1.5/+/2.25 + 4m2). Comparing U(¢) with T(¢), we see that for large ¢ the
air temperature within the house varies sinusoidally at the same frequency as the external
air temperature, but with a time lag of #j,0 = 1.33645/(27) = 0.2127 days and an amplitude
of only 3.4831°F about a mean temperature of 60°F.

Constructing Mathematical Models

In this section we have looked at a few examples of the modeling process. In constructing
mathematical models, you will find that each problem is different, and that successful
modeling is not a skill that can be reduced to the observance of a set of prescribed rules.
Indeed, constructing a satisfactory model is sometimes the most difficult part of the problem.
Nevertheless, it may be helpful to list some steps that are often part of the process:

1. Identify the independent and dependent variables and assign letters to represent them.
Often the independent variable is time.

2. Choose the units of measurement for each variable. In a sense the choice of units is
arbitrary, but some choices may be much more convenient than others. For example,
we chose to measure time in days in the heating and cooling problems, but in months
for the population problem.

3. Articulate the basic principle that underlies or governs the problem you are investi-
gating. This may be a widely accepted physical law, or it may be a more speculative
assumption based on your own experience or observations. In any case, this step is
likely not to be purely mathematical, but will require you to be familiar with the field
in which the problem originates.

4. Express the principle or law in step 3 in terms of the variables you chose in step 1. This
may be easier said than done. It may require the introduction of physical constants or
parameters and the determination of appropriate values for them. Or it may involve
the use of auxiliary or intermediate variables that must then be related to the primary
variables.

5. Make sure that each term in your equation has the same physical units. If this is not
the case, then your equation is wrong and you should seek to correct it. If the units
agree, then your equation at least is dimensionally consistent, although it may have
other shortcomings that this test does not reveal.

6. In the problems considered here, the result of step 4 is a single differential equation,
which constitutes the desired mathematical model. Keep in mind, though, that in more
complex problems the resulting mathematical model may be much more complicated,
perhaps involving a system of several differential equations.
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In each of Problems 1 through 6 draw a direction field 15. The direction field of Figure 1.1.8
for the given differential equation. Based on the direc- 16. The direction field of Figure 1.1.9
tion field, determine the behavior of y as t — oo. If {5 The direction field of Figure 1.1.10
this behavior depends on the initial value of y at = 0, L .

18. The direction field of Figure 1.1.11

describe the dependency.
P Y 19. The direction field of Figure 1.1.12

1. yy=3-2 N .
Y Y 20. The direction field of Figure 1.1.13
2. yy=2y-3
3.y =342y
4. y =—-1-=2y
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2 (101N P B Direction field for Problem 20.

In each of Problems 21 through 28 draw a direction
field for the given differential equation. Based on the
direction field, determine the behavior of y as t — oo. If
this behavior depends on the initial value of y at t = 0,
describe this dependency. Note that the right sides of
these equations depend on ¢ as well as y.

21. yy==2+41t—y
22. y =te” —2y
23. y=e "+ y
24,y =142y

25. y'=3sint+ 14y

26. y =2t —1—y?

27. y'=—=Qt+y)/2y

28. y =y3/6—y —1?/3

29. We get a discrete time approximation to the initial
value problem

u'=—k(u —To), u(0)=uo (i)
on the time grid
0=1to,t1,..., 0, =1, t; = jAt,
j=0,...,n, where At=t/n

by approximating «/(#;) in the equation by the dif-
ference quotient

ey = M) Tl = A lt) — )

At At
(i1)

foreachj=1,...,n.

(a) Show that replacing the derivative in Eq. (i) by
the approximation in expression (ii) gives the
difference equation

u(ty) = (1 — kAtyu(t;—y) + kToAt,
j=1,....n. (iii)
(b) Equation (iii) can be solved by iteration,
u(ty) = (1 — kAHu(ty) + kTyAt
= (1 — kAt)ug + kTyAt,
u(ty) = (1 — kAtyu(t) + kTy At
= (1 — kA up + (1 — kAT At

+ kTyAt,
and so forth. Show that successive iteration
yields the result
n—1
u(ty) = (1 — kAt)'ug + kToAt 2(1 — kAt
j=0

or, using the formula for the partial sum of a
geometric series,

u(ty) = (1 — kAtY'ug + Ty [1 — (1 — kADY'].

(¢) Show that lim, (1 — kt/n)" = e*. Then
use this result to show that

lim u(t,) = e ¥ (uo — To) + To,
n—0Q

the solution to the initial value problem (i).

30. Verify that the function in Eq. (23) is a solution of
Eq. (22).
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31.

32.

33.

34.
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Show that A sinwt + B coswt = R sin(wt — §),
where R = /A% + B? and § is the angle defined
by Rcosd = 4 and Rsin§ = —B.

The field mouse population in Example 3 satisfies
the differential equation
dp

9P _ 0.5p — 450.
d P

(a) Find the time at which the population becomes
extinct if p(0) = 850.

(b) Find the time of extinction if p(0) = po, where
0 < po < 900.

(¢) Find the initial population py if the population
is to become extinct in 1 year.

Consider a population p of field mice that grows

at a rate proportional to the current population, so

that dp/dt = rp.

(a) Find the rate constant r if the population dou-
bles in 30 days.

(b) Find r if the population doubles in N days.

A radioactive material, such as the isotope
thorium-234, disintegrates at a rate proportional to
the amount currently present. If O(¢) is the amount
present at time ¢, then dQ/dt = —rQ, where r > 0
is the decay rate.

(a) If 100 mg of thorium-234 decays to 82.04 mg
in 1 week, determine the decay rate r.

(b) Find an expression for the amount of thorium-
234 present at any time .

(¢) Find the time required for the thorium-234 to
decay to one-half its original amount.

. The differential equation for the velocity v of an

object of mass m, restricted to vertical motion and
subject only to the forces of gravity and air resis-
tance, is

dv

mE = —mg — yv. (1)

In Eq. (i) we assume that the drag force —y v, where

y > 0 is a drag coefficient, is proportional to the
velocity. Acceleration due to gravity is denoted by
g. Assume that the upward direction is positive.

(a) Sketch a direction field, including the equilib-
rium solution, for Eq. (i). Explain the physical
significance of the equilibrium solution.

(b) Show that the solution of Eq. (i) subject to the
initial condition v(0) = vy is

m m
b= (vo N _g> oviim Mg
14

y
(c) If a ball is initially thrown in the upward di-

rection so that vy > 0, show that it reaches its
maximum height when

U
t:tmax:ﬁln(l—i—u).
Y mg

(d) The terminal velocity of a baseball dropped
from a high tower is measured to be —33 m/s.
If the mass of the baseball is 0.145 kg and
g = 9.8 m/s?, what is the value of y?

(e) Using the values for m, g, and y in part (d),
what would be the maximum height attained
for a baseball thrown upwards with an initial
velocity vg = 30 m/s from a height of 2 m
above the ground?

. For small, slowly falling objects, the assumption

made in Eq. (i) of Problem 35 that the drag force
is proportional to the velocity is a good one. For
larger, more rapidly falling objects, it is more accu-
rate to assume that the magnitude of the drag force
is proportional to the square of the velocity with the
force orientation opposite to that of the velocity.

(a) Write a differential equation for the velocity of
a falling object of mass m if the magnitude of
the drag force is proportional to the square of
the velocity. Assume that the upward direction
is positive.

(b) Determine the limiting velocity after a long
time.

(¢) If m = 0.025 kg, find the drag coefficient so
that the limiting velocity is —35 m/s.

. A pond initially contains 1,000,000 gal of water

and an unknown amount of an undesirable chem-
ical. Water containing 0.01 g/gal of this chemical
flows into the pond at a rate of 300 gal/h. The mix-
ture flows out at the same rate, so the amount of
water in the pond remains constant. Assume that
the chemical is uniformly distributed throughout
the pond.

(a) Write a differential equation for the amount of
chemical in the pond at any time.

3See Lyle N. Long and Howard Weiss, “The Velocity Dependence of Aerodynamic Drag: A Primer for
Mathematicians,” American Mathematical Monthly 106, 2 (1999), pp. 127-135.
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(b) How much of the chemical will be in the
pond after a very long time? Does this lim-
iting amount depend on the amount that was
present initially?

. A spherical raindrop evaporates at a rate propor-

tional to its surface area. Write a differential equa-
tion for the volume of the raindrop as a function
of time.

A certain drug is being administered intravenously
to a hospital patient. Fluid containing 5 mg/mL of
the drug enters the patient’s bloodstream at a rate of

100 mL/h. The drug is absorbed by body tissues or

otherwise leaves the bloodstream at a rate propor-

tional to the amount present, with a rate constant

of 0.4 (h)~".

(a) Assuming that the drug is always uniformly
distributed throughout the bloodstream, write
a differential equation for the amount of the
drug that is present in the bloodstream at any
time.

(b) How much of the drug is present in the blood-
stream after a long time?

1.2 Linear Equations: Method
of Integrating Factors

In the preceding section, we were able to find an explicit analytic solution of the differential

equation

=—k(u—"T) (1)

modeling heat exchange between an object and its constant temperature surroundings. The
same method can also be used to solve the differential equation

d
L —rp—a @)

for the population of field mice preyed on by owls and the differential equation

d
md—ltj:mg—yv 3)

for the velocity of a falling object (see Problem 35 in Section 1.1). But the method cannot

be used to solve

du
dr

—k[u — Ty — Asin(wt)] 4)

for the temperature in a building subject to a varying external temperature.

There is no general method for finding analytic solutions to all first order differential
equations. What we can do is this. Identify a class of equations and a corresponding method
that can be used to solve all equations in the class. This approach gives us a collection
of important classes of equations with corresponding solution methods. Several classes
(separable equations, exact equations, and equations that can be made exact) will be taken
up in Chapter 2. But the first class of equations that we will consider is specified by the

following definition.

1.21

A differential equation that can be written in the form

d
L4 pyy =g (5)

is said to be a first order linear equation in the dependent variable y.
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We can always find a solution to a first order linear equation, provided that a solution exists.
Note that each of Egs. (1)—(4) is a first order linear equation because each can be obtained
by an appropriate choice of p(¢) and g(¢) in Eq. (5). For example, if we write Eq. (4) as
du
dt
we see that it is a special case of Eq. (5) in which the dependent variable is u, p(t) = k and
g(t) = kTy + kA sin(wt).
Equation (5) is referred to as the standard form for a first order linear equation. The
more general first order linear equation,

+ ku = kT + kA sin(ot), (6)

d
ao(f)d—); +ai(t)y = h(b), )

can be put in the form of Eq. (5) by dividing by ay(?), provided that a(¢) is not zero. The
function p(¢) in Eq. (5) is a coefficient in the equation. If g(r) = 0, Eq. (5) takes the form

d
d—); + p()y =0, (®)

and is said to be homogeneous; otherwise, the equation is nonhomogenous.
The equations

y =sin(t)y and ¢y +2y =0
are linear and homogeneous, while

2 cost
Y+ ly= ‘;—2 and (1472 =4ty + (1 + )2
are linear and nonhomogeneous.
The equations

Y 4+1y*=0 and ) +sin(ty)=1+1¢

are not linear (we then say they are nonlinear) because the dependent variable y is squared
in the first equation, and appears as an argument of the sine function in the second equation.
Thus these equations cannot be written in the form of Eq. (5) .

The method that we use to solve Eq. (5)is due to Leibniz; it involves multiplying the
equation by a certain function u (), chosen so that the resulting equation is readily integrable.
The function p(?) is called an integrating factor, and the main difficulty is to determine how
to find it. We will introduce this method in a simple example, and then show that the method
extends to the general equation (5).

AEEEN
EXAMPLE
1

Solve the differential equation

dy
2y =4—¢. 9
PR ©)

Plot the graphs of several solutions and draw a direction field. Find the particular solution
whose graph contains the point (0, —2). Discuss the behavior of solutions as t — oco.
The first step is to multiply Eq. (9) by a function (), as yet undetermined; thus

d
M(f)d—f = 2u(t)y = u()(4 —1). (10)
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The question now is whether we can choose 1(7) so that the left side of Eq. (10) is recogniz-
able as the derivative of some particular expression. If so, then we can integrate Eq. (10),
even though we do not know the function y. To guide our choice of the integrating factor
(1), observe that the left side of Eq. (10) contains two terms and that the first term is part
of the result of differentiating the product w(#)y. Thus let us try to determine w(#) so that
the left side of Eq. (10) becomes the derivative of the expression w(¢)y. If we compare the
left side of Eq. (10) with the differentiation formula
du(?)

d B dy
E[MU))’] = H(t)E + TS (11)

we note that the first terms are identical for any (), and that the second terms also agree,
provided that we choose 1(?) to satisfy
du(t)

= —2(0). (12)

Therefore our search for an integrating factor will be successful if we can find a solution of
Eq. (12). Perhaps you can readily identify a function that satisfies Eq. (12): What well-known
function from calculus has a derivative that is equal to —2 times the original function? More
systematically, rewrite Eq. (12) as

du(n)/dr _

wn ()
which is equivalent to
&) = 2. (14)
Then it follows that
In|u(t) = =2t + C, (15)
or
w(t) = ce . (16)

The function w(f) given by Eq. (16) is an integrating factor for Eq. (9). Since we do not
need the most general integrating factor, we will choose ¢ to be one in Eq. (16) and use

w(t) =e 2.
Now we return to Eq. (9), multiply it by the integrating factor e~%, and obtain

d
e d_)t} —2e 7y =4e7H — e, (17)

By the choice we have made of the integrating factor, the left side of Eq. (17) is the derivative
of e7?'y, so that Eq. (17) becomes

d
E(e,z, y)=4de ¥ — e, (18)
By integrating both sides of Eq. (18), we obtain
ey =4 / e ¥ dt — f te”? dt +c, (19)

or, using integration by parts on the second integral,

ey =27 — [—% te=2 — %e’Z’] +c, (20)
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where c¢ is an arbitrary constant. Finally, on solving Eq. (20) for y, we have the general
solution of Eq. (9), namely,

y=—T+4+1t+ce 1)
To find the solution passing through the point (0, —2), we set # = 0 and y = —2 in Eq. (21),
obtaining —2 = —% + ¢. Thus ¢ = —%, and the desired solution is

y:—%+%t—%ezt. (22)

Figure 1.2.1 includes the graphs of Eq. (21) for several values of ¢ with a direction field
in the background. The solution passing through (0, —2) is shown by the heavy curve. The
behavior of the family of solutions (21) for large values of # is determined by the term ce?.
If ¢ # 0, then the solution grows exponentially large in magnitude, with the same sign as ¢
itself. Thus the solutions diverge as ¢ becomes large. The boundary between solutions that
ultimately grow positively from those that ultimately grow negatively occurs when ¢ = 0.
If we substitute ¢ = 0 into Eq. (21) and then set ¢ = 0, we find that y = —% is the separation
point on the y-axis. Note that, for this initial value, the solution is y = —47—1 + %t; it grows
positively, but linearly rather than exponentially.

SO =N VAN Direction field and integral curves of y' — 2y =4 — ¢.

The Method of Integrating Factors for Solving y’ + p(t)y = g(t)

Proceeding as in Example 1, we can apply the method of integrating factors to Eq. (5) ,

dy .
, + p(t)y = g(@),

where p and g are given functions. To determine an appropriate integrating factor, we
multiply Eq. (5) by an as yet undetermined function 1(#), obtaining

d
M(f)d—); + p(Ou(t)y = p()g@). (23)



1.2 Linear Equations: Method of Integrating Factors 21

Following the same line of development as in Example 1, we see that the left side of
Eq. (23) is the derivative of the product w(¢)y, provided that j(¢) satisfies the equation

d ()
dt
If we assume temporarily that 1(?) is positive, then we have
du(/di _
we)y

= pOu(?). 24

p(),
and consequently
Inpu(t) = /p(t) dt + k.

By choosing the arbitrary constant k& to be zero, we obtain the simplest possible function
for 1, namely,

w0 = exp [ piora. 25)
Note that u(¢) is positive for all ¢, as we assumed. Returning to Eq. (23), we have
“[u0y] = k)0, 6)
Hence
uoy = [ utngdr +c. @)

where c is an arbitrary constant. Sometimes the integral in Eq. (27) can be evaluated in terms
of elementary functions. However, in general this is not possible, so the general solution of
Eq. (5)is

1 t
y=— [ f j(s)g(s)ds +c] , (28)

where #, is some convenient lower limit of integration. Observe that Eq. (28) involves
two integrations, one to obtain u(f) from Eq. (25) and the other to determine y from
Eq. (28). In summary, all first order linear equations can be solved by the following steps:
Put the equation in standard form y" + p(t)y = g().

Calculate the integrating factor () = e/ P!

Multiply the equation by p(¢) and write it in the form [w(1)y] = w(t)g(?).

Integrate this equation to obtain u(¢)y = [ u(t)g(t)dt + c.

Solve for y.

kW

These steps constitute a systematic method, or algorithm, for solving any first order linear
equation. The primary results of this algorithm are Eq. (25) for the integrating factor, and
Eq. (28) for the solution.

EEEN
EXAMPLE
2

Solve the initial value problem
ty' +2y = 4%, (29)

=2 (30)
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In order to determine p(¢) and g(¢) correctly, we must first rewrite Eq. (29) in the standard
form (5). Thus we have

2
Vv + [y =4 (31
so p(t) = 2/t and g(¢) = 4¢. To solve Eq. (31), we first compute the integrating factor w(?):
2
() = exp/ Sdi = Ml =2,

On multiplying Eq. (31) by u(¢) = £*, we obtain
12y 2ty = (t*y) =48,
and therefore
2 y = t +c,
where c is an arbitrary constant. It follows that
y=~2+ ;52 (32)

is the general solution of Eq. (29). Integral curves of Eq. (29) for several values of ¢ are
shown in Figure 1.2.2. To satisfy the initial condition (30), it is necessary to choose ¢ = 1;
thus

y=t2+i, t>0 (33)
t2
is the solution of the initial value problem (29), (30). This solution is shown by the heavy
curve in Figure 1.2.2. Note that it becomes unbounded and is asymptotic to the positive
y-axis as t — 0 from the right. This is the effect of the infinite discontinuity in the coefficient
p(¢) at the origin. The function y = % + (1/¢?) for ¢ < 0 is not part of the solution of this
initial value problem.

This is the first example in which the solution fails to exist for some values of 7. Again,
this is due to the infinite discontinuity in p(#) at # = 0, which restricts the solution to the
interval 0 < ¢ < oo.

Looking again at Figure 1.2.2, we see that some solutions (those for which ¢ > 0) are
asymptotic to the positive y-axis as t — 0 from the right, while other solutions (for which
¢ < 0) are asymptotic to the negative y-axis. The solution for which ¢ = 0, namely, y = ¢2,

7

(1, 2)

=1

IGEVTEEFERA integral curves of 1y + 2y = 412,
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remains bounded and differentiable even at + = 0. If we generalize the initial condition
(30) to

y(1) = yo, (34)
then ¢ = yy — 1 and the solution (33) becomes
yo—1

y:t2+t—2, t>0. (35)

As in Example 1, this is another instance where there is a critical initial value, namely,
yo = 1, that separates solutions that behave in two quite different ways.

EEEN
EXAMPLE
3

Solve the initial value problem

2y +ty =2, (36)
¥(0)=1. (37)
First divide the differential equation (36) by two, obtaining
t
v+ 7V = 1. (38)

Thus p(f) = t/2, and the integrating factor is (f) = exp(#*/4). Then multiply Eq. (38) by
u(t), so that

t
et2/4y/ + Eet2/4y — et2/4. (39)

The left side of Eq. (39) is the derivative of e’ 14 v, so by integrating both sides of Eq. (39),
we obtain

ey = f et +c. (40)

The integral on the right side of Eq. (40) cannot be evaluated in terms of the usual elementary
functions, so we leave the integral unevaluated. However, by choosing the lower limit of
integration as the initial point # = 0, we can replace Eq. (40) by

t
e’2/4y=/ e ds +c, (41)
0

where c is an arbitrary constant. It then follows that the general solution y of Eq. (36) is
given by

t
y = 6_12/4/ & ds +ce 4, (42)
0

The initial condition (37) requires that ¢ = 1.

The main purpose of this example is to illustrate that sometimes the solution must be
left in terms of an integral. This is usually at most a slight inconvenience, rather than a
serious obstacle. For a given value of 7 the integral in Eq. (42) is a definite integral and can
be approximated to any desired degree of accuracy by using readily available numerical
integrators. By repeating this process for many values of 7 and plotting the results, you can
obtain a graph of a solution. Alternatively, you can use a numerical approximation method,
such as Euler’s method, discussed in Sections 1.3 and 2.6, or those discussed in Section 2.7,
that proceed directly from the differential equation and need no expression for the solution.
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Software packages such as Maple, Mathematica, and Matlab, among others, readily execute
such procedures and produce graphs of solutions of differential equations.

S0 =N VAR Integral curves of 2y + ¢y = 2.

Figure 1.2.3 displays graphs of the solution (42) for several values of c¢. From the figure
it may be plausible to conjecture that all solutions approach a limit as # — oco. The limit can
be found analytically (see Problem 32).

For our last example, we solve Eq. (20) of Section 1.1, the differential equation from
Example 4 of that section describing the heating and cooling of a building subject to external
temperature variations.

EEEN
EXAMPLE
4

Find the general solution of

d

d_1: = —k[u — Ty — Asin(wt)] .
Standard form, shown above in Eq. (6), is

d

d—j + ku = kTy + kA sin(wt).

Using the integrating factor, (f) = €, we obtain
(ek’u)/ = kTye" + kAe" sin(wr). (43)
Integrating and solving for u gives

u="Ty+kde ™ / e sin(wt) dt + ce™. (44)

Setting / = [ ek sin(wt) dt and integrating by parts twice gives the equation

1 k 2
I = ——é cos(wt) + —zek’ sin(wt) — — 1.
w w w
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Solving for 7, we get

I= / e sin(wt) dt =

e [k sin(wt) — w cos(wt)] . (45)

k? + w?

Of course, the integral in Eq. (44) can also be easily done using a computer algebra system.
Substituting the result (45) into Eq. (44) then gives

u=T0+

A
k* 4+ ?

[k sin(wt) — w cos(wt)] + ce ™™,

in agreement with Eq. (23) of Section 1.1. Some graphs of the solution are shown in Figure

1.1.7.

PROBLEMS
EE BB EEEEEEEEEEEEEENERn

In each of Problems 1 through 12:

(a) Draw a direction field for the given differential
equation.

(b) Based on an inspection of the direction field, de-
scribe how solutions behave for large ¢.

(¢) Find the general solution of the given differential
equation, and use it to determine how solutions be-
have as t — oo.

1. y+3y=t+e?

2.y =2y =12

3.y +y=te’+1

4. y' 4+ (1/t)y = 3 cos 2t, t>0
5.9 =2y =3¢

6. ty' 4+ 2y =sint, t>0

7.y 42ty =2te™"

8. (1+12)y +4ty =(1+1*)72
9.2y +y=23t

10. ty —y =t2e™, t>0

11. y+y =5sin2t¢
12. 2y +y =3¢

In each of Problems 13 through 20 find the solution of
the given initial value problem.

13. y' —y = 2te¥, y(0)=1

14. y' +2y =te ™, y(1)=0

15. ty +2y =t> —t + 1, yhy=41, t>0
16. y' +(2/t)y = (cost)/t?, y(m)=0, t>0
17. y =2y = €%, y(0)=2

18. 1ty 4+ 2y = sint, y(x/2)y=1, t>0

19. 3y + 412y = e, y(=1)=0, t<0
20 ty' +(t+ )y =1t, y(In2)=1, >0

In each of Problems 21 through 23:

(a) Draw a direction field for the given differential
equation. How do solutions appear to behave as
t becomes large? Does the behavior depend on the
choice of the initial value a? Let a be the value of a
for which the transition from one type of behavior
to another occurs. Estimate the value of ay.

(b) Solve the initial value problem and find the critical
value a exactly.

(¢) Describe the behavior of the solution correspond-
ing to the initial value ay.

21. /—%y=2005t, y(0)=a
22. 2y —y =e'l3, y(0)=a
23. 3y =2y = e /2, y(0)=a

In each of Problems 24 through 26:

(a) Draw a direction field for the given differential
equation. How do solutions appear to behave as
t — 0? Does the behavior depend on the choice
of the initial value a? Let a( be the value of a for
which the transition from one type of behavior to
another occurs. Estimate the value of ay.

(b) Solve the initial value problem and find the critical
value a exactly.

(¢) Describe the behavior of the solution correspond-
ing to the initial value ay.

24. ty' + (@t + 1)y =2te™, y()=a, t>0
25. ty' + 2y = (sint)/t, y(=m/2)=a, t<0
26. (sint)y’ + (cost)y =¢', y(I)=a, O<t<m

27. Consider the initial value problem
y(0) = —1.

Find the coordinates of the first local maximum
point of the solution for 7 > 0.

y' + 3y =2cost,
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28.

29.

30.

31.

32.

33.

Chapter 1 Introduction

Consider the initial value problem

V+iy=1-3t.  ¥0)=x.
Find the value of y for which the solution touches,

but does not cross, the f-axis.
Consider the initial value problem

V' 4+ 1y =3+42co0s2t, »(0) = 0.

(a) Find the solution of this initial value problem
and describe its behavior for large ¢.

(b) Determine the value of 7 for which the solution
first intersects the line y = 12.

Find the value of y, for which the solution of the
initial value problem

y' —y =1+ 3sint, ¥(0) = yo

remains finite as t — oo.
Consider the initial value problem

y(0) = yo.

Find the value of y, that separates solutions
that grow positively as # — oo from those that
grow negatively. How does the solution that cor-
responds to this critical value of y, behave as
t — 00?

Show that all solutions of 2y’ 4ty = 2 [Eq. (36)
of the text] approach a limit as t — oo, and find
the limiting value.

Hint: Consider the general solution, Eq. (42), and
use LU'Hospital’s rule on the first term.

’—%y=3t+2e’,

Show that if @ and A are positive constants, and
b is any real number, then every solution of the
equation

y +ay =be ™

has the property that y — 0 as t — oo.
Hint: Consider the cases ¢ = A and a # A
separately.

In each of Problems 34 through 37 construct a first
order linear differential equation whose solutions have
the required behavior as # — oo. Then solve your equa-
tion and confirm that the solutions do indeed have the
specified property.

34.
3S.

36.

All solutions have the limit 3 as t — oo.

All solutions are asymptotic to the line y =3 — ¢
ast — 00.

All solutions are asymptotic to the line y = 2¢ — 5
ast— 00.

37.

All solutions approach the curve y = 4 — £
ast — oQ.

38. Consider the initial value problem

ytay=g®),  y(to) =)o
Assume that a is a positive constant and that
g(t) — go as t — oo. Show that y(f) — go/a as t
— 00. Construct an example with a nonconstant
g(?) that illustrates this result.

. Variation of Parameters. Consider the following

method of solving the general linear equation of
first order:

V' + p(t)y = g(@). (i)

(a) If g(r) = O for all ¢, show that the solution is

y=Aexp [—/p(t)dt} ,

where A is a constant.
(b) If g(¢) is not everywhere zero, assume that the
solution of Eq. (i) is of the form

(i)

y=awew| - [poa). i
where A4 is now a function of #. By substituting

for y in the given differential equation, show
that 4(f) must satisfy the condition

A'(t) = g(t)exp |:/ p(t) dt:| . (iv)

(¢) Find A(¢) from Eq. (iv). Then substitute for A(#)
in Eq. (iii) and determine y. Verify that the so-
lution obtained in this manner agrees with that
of Eq. (28) in the text. This technique is known
as the method of variation of parameters; it is
discussed in detail in Section 4.7 in connection
with second order linear equations.

In each of Problems 40 through 43 use the method of
Problem 39 to solve the given differential equation.

40.
41.
42.
43.

_)// _2y — tZeZt

V' +(1/t)y = 3cos2t,

ty' 4+ 2y = sint, t>0
2y +y =3¢

t>0
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1.3 Numerical Approximations:
Euler's Method

We have seen in Section 1.1 that by drawing a direction field, we can visualize qualitatively
the behavior of solutions of a differential equation. In fact, if we use a fairly fine grid,
then we obtain a direction field such as the one in Figure 1.3.1, which corresponds to the
differential equation

dy 1 3

— 4+ -y==-—t 1

a T2 72 M

y
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FLElB =R A direction field for ' + %y = % —t.

Many tangent line segments at successive values of ¢ almost touch each other in this
figure. It takes only a bit of imagination to consider starting at a point on the y-axis and
linking line segments for consecutive #-values in the grid, thereby producing a piecewise
linear graph. Such a graph would apparently be an approximation to a solution of the
differential equation. Of course, this raises some questions, including the following:

1. Can we carry out this linking of tangent lines in a simple and systematic manner?

2. If so, does the resulting piecewise linear function provide an approximation to an
actual solution of the differential equation?

3. If so, can we say anything about the accuracy of the approximation?

It turns out that the answer to each question is affirmative. We will take up the first question
here, and return to the other two in Section 2.6.
Suppose that we have a differential equation

dy
= f) @
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and a starting point, given by the initial condition

¥(to) = yo. ®)

Suppose also that we have chosen a sequence of points ¢, t, t2, . . ., t,, . . . . Let the solution
of the initial value problem (2), (3) be denoted by y = ¢(#). Then the line tangent to the
graph of ¢(¢) at the initial point (#y, o) has the slope f(y, o), and the equation of this
tangent line is

y = yo+ f(to, o)t — to). “4)

We can use the tangent line (4) to approximate the solution ¢(¢) in the interval 7y < ¢ < ¢,.
In particular, if we evaluate Eq. (4) at ¢t = 1, we obtain the value

Y1 =yo + f(to, yo)(t1 — to), (%)

which is an approximation to the solution value ¢(¢,); see Figure 1.3.2.

y
Tangent line
¥y =yo+ g, y0) (= tg)
e Soluti
olution
I IR
) et
Jo|lb==

m A tangent line approximation.

To proceed further, we can try to repeat the process. Unfortunately, we do not know the
value ¢(¢1) of the solution at #;. The best we can do is to use the approximate value y,
instead. Thus we construct the line through (¢, y;) with the slope f (¢, y1):

y=y1+ [, y)t —1). (6)
To approximate the value of ¢(¢) at #,, we use Eq. (6), obtaining
2=y + ft, y)( — h). (7

Continuing in this manner, we use the value of y calculated at each step to determine the
slope of the approximation for the next step. The general expression for y, in terms of ¢,
tny1, and y, is

Y1 = Vn +f(tn’ yn)(tn-‘rl _tn)’ n=0,1,2,.... (8)
Equation (8) is known as Euler’s formula. If there is a uniform step size / between the points

to, t1, t2, ..., then Euler’s method is summarized by the equations

Tn+1 =t,+h, Ynt+1 = In +hf(tnsyn)s n=0,1,2,.... (9)

By introducing the notation f,, = f(¢,, v,), we can rewrite Egs. (9) as

1 =ti+h, e =yat+hfs,  n=0,1,2,.... (10)

To use Euler’s method, you simply evaluate Egs. (9) repeatedly [or use Eq. (8) if the step
size is not constant]. The result at each step is used to execute the next step. In this way
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you generate a sequence of values yy, 2, vs, ... that approximate the values of the solution
¢(?) at the points 71, 1, t3, .... If, instead of a sequence of points, you need a function to
approximate the solution ¢(¢), then you can use the piecewise linear function constructed
from the collection of tangent line segments. That is, let y be given by Eq. (4) in [#, #,], by
Eq. (6) in [#1, #;], and in general by

Yy=¥n+ f(tn»yn)(t — ) (ll)

in [tn; tn+l]-

EEEN
EXAMPLE
1

Use Euler’s method with a step size 4 = 0.2 to approximate the solution of the initial value
problem

—+—y=§—t, y(0) =1 (12)

on the interval 0 < ¢ < 1.
For later comparison, the exact solution to the initial value problem (12) is

y=7-2t —6e/?. (13)

This solution can be found by using the method of integrating factors discussed in
Section 1.2.

To use Euler’s method, note that f (¢, y) = — % Y+ % — t, so using the initial values 7y =
0, yo = 1, we have

fo=f({to, )= f(0,1)=—-05+15-0=10.
Thus, from Eq. (4), the tangent line approximation for ¢ in [0, 0.2] is
y=14+10¢t—-0)=1+r1. (14)

Setting # = 0.2 in Eq. (14), we find the approximate value y; of the solution at = 0.2,
namely, y; = 1.2.
At the next step we have

= f(t,y)=f(02,12)=-06+15-02=0.7,
and from Eq. (6),
y=12+0.7(t —0.2) =1.06 + 0.7¢ (15)

for z in [0.2, 0.4]. Evaluating the expression in Eq. (15) at = 0.4, we obtain y, = 1.34.

Continuing in this manner, we obtain the results shown in Table 1.3.1. The first column
contains the #-values separated by the step size # = 0.2. The third column shows the
corresponding y-values computed from Euler’s formula (10). The fourth column displays
the tangent line approximations found from Eq. (11). The second column contains values
of the solution (13) of the initial value problem (12), correct to five decimal places. The
solution (13) and the tangent line approximation are also plotted in Figure 1.3.3.

As you can see from Table 1.3.1 and Figure 1.3.3, the approximations given by Euler’s
method for this problem are greater than the corresponding values of the exact solution.
This is because the graph of the solution is concave down and therefore the tangent line
approximations lie above the graph. It is also clear that the step size # = 0.2 is too large to
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Results of Euler’s method with 2 = 0.2 for " + %y = % —t, »0)=1.

t

0.0
0.2
0.4
0.6
0.8
1.0

Exact

1.00000
1.17098
1.28762
1.35509
1.37808
1.36082

Euler with 2/ =0.2

1.00000
1.20000
1.34000
1.42600
1.46340
1.45706

Tangent line
y=1+41¢
y=1.06+0.7¢
y=1.168 4 0.43¢
y=1.3138 4 0.187¢
v =1.48876 — 0.0317¢

produce a good approximation to the solution (13) on the interval [0, 1]. Better results can
be obtained by using a smaller step size, with a corresponding increase in the number of

computational steps, as we will see in Example 2 below.

09

0.2 0.4 0.6

1t

S0 =N BRI Plots of the solution and a tangent line approximation for the initial value
problem (12).

Euler’s method dates from about 1768 and is the oldest numerical method for approxi-
mating the solution of a differential equation. It is simple in concept and easy to execute.
The simplicity of Euler’s method makes it a good way to begin to explore the numerical
approximation of solutions of relatively simple differential equations.

The purpose of Example 11is to show you the details of implementing a few steps of
Euler’s method so that it will be clear exactly what computations are being executed. Of
course, computations such as these are usually done on a computer. Some software packages
include code for the Euler method, whereas others do not. In any case, it is easy to write a
computer program to carry out the calculations required to produce results such as those in
Table 1.3.1. The outline of such a program is given below; the specific instructions can be
written in any high-level programming language.
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The Euler Method
Step 1. define f(¢, y)
Step 2. input initial values #0 and y0
Step 3. input step size 4 and number of steps n
Step 4. output 70 and y0
Step 5. for j from 1 to n do
Step6. kl=f(t,y)
y=y+hxkl
t=t+h
Step 7. output ¢ and y
Step 8. end

The output of this algorithm can be numbers listed on the screen or printed on a printer,
as in the third column of Table 1.3.1. Alternatively, the calculated results can be displayed
in graphical form, as in Figure 1.3.3 .

EEEN
EXAMPLE
2

Consider again the initial value problem (12),

dy 1 3

— 4+ -y=-—t, 0)=1.

a2 72 ()

Use Euler’s method with various step sizes to calculate approximate values of the solution
for 0 <t < 5. Compare the calculated results with the corresponding values of the exact
solution (13),

y=¢(t)="T7—2t—6e"?.

We used step sizes & = 0.1, 0.05, 0.025, and 0.01, corresponding, respectively, to 50,
100, 200, and 500 steps, to go from t = 0 to = 5. Some of the results of these calculations,
along with the values of the exact solution, are presented in Table 1.3.2. All computed entries
are rounded to five decimal places, although more digits were retained in the intermediate
calculations.

A comparison of exact solution with Euler’s method for several step sizes / for
Y+w=3-1 W0)=1

t Exact h=0.1 h=0.05 h=0.025 h=0.01
0.0 1.00000 1.00000 1.00000 1.00000 1.00000
1.0 1.36082 1.40758 1.38387 1.37227 1.36538
2.0 0.79272 0.84908 0.82061 0.80659 0.79825
3.0 —0.33878 —0.28783 —0.31349 —0.32618 —0.33375
4.0 —1.81201 —1.77107 —1.79163 —1.80184 —1.80795
5.0 —3.49251 —3.46167 —3.47710 —3.48481 —3.48943

In Figure 1.3.4, we have plotted the absolute value of the error (i.e., the difference
between the exact solution and its approximations) for each value of 4 and for each value
of ¢ as recorded in Table 1.3.2. The lines in this graph do not necessarily represent the
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0.05

0.04

0.03

Absolute error

0.02

0.01

lm Plot of the absolute value of the error in using Euler’s method for the
initial value problem (12) for 2 = 0.1, 0.05, 0.025, and 0.01.

error accurately in between the data points, but are included to make the plot more visually
understandable.

‘What conclusions can we draw from the data in Table 1.3.2 and from Figure 1.3.4? In the
first place, for a fixed value of ¢, the computed approximate values become more accurate
as the step size # decreases. This is what we would expect, of course, but it is encouraging
that the data confirm our expectations. For example, for # = 1 the approximate value with
h = 0.1 is too large by about 3.43%, whereas the value with # = 0.01 is too large by only
0.34%. In this case, reducing the step size by a factor of 10 (and performing 10 times as
many computations) also reduces the error by a factor of about 10. A second observation

Max absolute error
o o o o
o o o o
o @ e &
I I I I

o
o
et

T

\ \ \ \ \
0.02 0.04 0.06 0.08 01 h

FLET0 =N RIS Plot of the maximum error versus stepsize 4 in using Euler’s method for
the initial value problem (12).
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is that, for a fixed step size £, the approximations become more accurate as ¢ increases. For
instance, for 2 = 0.1 the error for ¢t = 5 is only about 0.88%, compared with 3.43% for
t = 1. For the data we have recorded the maximum error occurs at = 2 in each case. An
examination of data at intermediate points not recorded in Table 1.3.2 would reveal where
the maximum error occurs for a given step size and how large it is.

A plot of the maximum recorded error (i.e., the error at = 2) versus the step size % is
shown in Figure 1.3.5. Each data point lies very close to a straight line through the origin,
which means that the maximum error is very nearly proportional to /. From Figure 1.3.5 or
from the data in Table 1.3.2, you can conclude that the value of the proportionality constant
is about 0.56.

All in all, Euler’s method seems to work rather well for this problem. Reasonably good
results are obtained even for a moderately large step size £ = 0.1, and the approximation
can be improved by decreasing /.

Let us now look at another example.

EEEN
EXAMPLE
3

Consider the initial value problem

dy

-2y ¥(0) (16)
Use Euler’s method with several step sizes to find approximate values of the solution on the
interval 0 < ¢ < 5. Compare the results with the corresponding values of the exact solution.

The solution of the initial value problem (16) is
y=—141r4 e (17)

It can be easily found by using the method discussed in Section 1.2.
Using the same range of step sizes as in Example 2, we obtain the results presented in
Table 1.3.3.

m A comparison of exact solution with Euler’s method for several step sizes / for

TABLE 1.3.3

v =2y=4—1t y0)=1.

t Exact h=0.1 h=0.05 h=0.025 h=0.01
0.0 1.000000 1.000000 1.000000 1.000000 1.000000
1.0 19.06990 15.77728 17.25062 18.10997 18.67278
2.0 149.3949 104.6784 123.7130 135.5440 143.5835
3.0  1109.179 652.5349 837.0745 959.2580 1045.395
4.0 8197.884 4042.122 5633.351 6755.175 7575.577
5.0 60573.53 25026.95 37897.43 47555.35 54881.32

The data in Table 1.3.3 again confirm our expectation that, for a given value of ¢, accuracy
improves as the step size % is reduced. For example, for # = 1 the percentage error diminishes
from 17.3% when 4 = 0.1 to 2.1% when 4 = 0.01. However the error increases fairly rapidly
as t increases for a fixed 4. Even for 2 = 0.01, the error at t = 5 is 9.4%, and it is much
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lm Plot of the absolute value of the error in using Euler’s method for the
initial value problem (16) for 2 = 0.1, 0.05, 0.025, and 0.01.

greater for larger step sizes. This is shown in Figure 1.3.6, which shows the absolute error
versus ¢ for each value of 4. The maximum error always occurs at + = 5 and is plotted
against 4 in Figure 1.3.7. Again the data points lie approximately on a straight line through
the origin, so the maximum error is nearly proportional to the step size, as in Example 2.
Now, however, the proportionality constant is greater than 50,000, or about 100,000 times
greater than in Example 2.

36,000 [~

30,000 —

24,000 —

18,000 |~

Max absolute error

12,000 —

6,000 [—

| | | | |
0.02 0.04 0.06 0.08 01 h

FLE0 =N BRIV Plot of the maximum error versus stepsize 4 in using Euler’s method for
the initial value problem (16).
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Of course, the accuracy that is needed depends on the purpose for which the results
are intended, but the errors in Table 1.3.3 are too large for most scientific or engineering
applications. To improve the situation, one might either try even smaller step sizes or else
restrict the computations to a rather short interval away from the initial point. Nevertheless
it is clear that Euler’s method is much less effective in this example than in Example 2.

To understand better what is happening in these examples, let us look again at Euler’s
method for the general initial value problem

d
=y yw=n. (18)

d
whose solution we denote by ¢(¢). Recall that a first order differential equation has an
infinite family of solutions, indexed by an arbitrary constant ¢, and that the initial condition
picks out one member of this infinite family by determining the value of ¢. Thus ¢(¢) is the
member of the infinite family of solutions that satisfies the initial condition ¢(#) = yy.

At the first step, Euler’s method uses the tangent line approximation to the graph of
v = ¢(t) passing through the initial point (g, ), and this produces the approximate value
v at t;. Usually, y; # ¢(#1), so at the second step, Euler’s method uses the tangent line ap-
proximationnottoy = ¢(f), but to a nearby solution y = ¢ ;(¢) that passes through the point
(t1, y1). So it is at each following step. Euler’s method uses a succession of tangent line
approximations to a sequence of different solutions ¢ (), ¢1(¢), ¢2(7), ... of the differential
equation. At each step the tangent line is constructed to the solution passing through the
point determined by the result of the preceding step, as shown in Figure 1.3.8. The quality of
the approximation after many steps depends strongly on the behavior of the set of solutions
that pass through the points (¢,, y,) forn =1,2,3, ....

In Examples 1 and 2, the general solution of the differential equation is

y=7—2t+ce'? (19)

and the solution of the initial value problem (12) corresponds to ¢ = —6. This family of
solutions is a converging family since the term involving the arbitrary constant ¢ approaches
zero as t — o0. It does not matter very much which solutions we are approximating by
tangent lines in the implementation of Euler’s method, since all the solutions are getting
closer and closer to each other as ¢ increases.

Em The Euler method.
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On the other hand, in Example 3 the general solution of the differential equation is

y=—143t+ce, (20)

and this is a diverging family. Note that solutions corresponding to two nearby values of
¢ separate arbitrarily far as ¢ increases. In Example 3, we are trying to follow the solution
forc = 14—1, but, in the use of Euler’s method, we are actually at each step following another
solution that separates from the desired one faster and faster as ¢ increases. This explains
why the errors in Example 3 are so much larger than those in Example 2.

In using a numerical procedure such as the Euler method, one must always keep in mind
the question of whether the results are accurate enough to be useful. In the preceding ex-
amples, the accuracy of the numerical results could be ascertained directly by a comparison
with the solution obtained analytically. Of course, usually the analytical solution is not
available if a numerical procedure is to be employed, so what is needed are bounds for, or at
least estimates of, the error that do not require a knowledge of the exact solution. In Sections
2.6 and 2.7, we present some information on the analysis of errors and also discuss other
algorithms that are computationally much more efficient than the Euler method. However,
the best that we can expect, or hope for, from a numerical approximation is that it reflects
the behavior of the actual solution. Thus a member of a diverging family of solutions will
always be harder to approximate than a member of a converging family. Finally, remember
that drawing a direction field is often a helpful first step in understanding the behavior of

differential equations and their solutions.

PROBLEMS

Many of the problems in this section call for fairly ex-
tensive numerical computations. The amount of com-
puting that is reasonable for you to do depends strongly
on the type of computing equipment that you have. A
few steps of the requested calculations can be carried
out on almost any pocket calculator—or even by hand
if necessary. To do more, you will need a computer or
at least a programmable calculator.

Remember also that numerical results may vary
somewhat depending on how your program is con-
structed and on how your computer executes arithmetic
steps, rounds off, and so forth. Minor variations in the
last decimal place may be due to such causes and do not
necessarily indicate that something is amiss. Answers
in the back of the book are recorded to six digits in
most cases, although more digits were retained in the
intermediate calculations.

In each of Problems 1 through 4:

(a) Find approximate values of the solution of the given
initial value problem at r = 0.1, 0.2, 0.3, and 0.4
using the Euler method with 2 = 0.1.

(b) Repeat part (a) with z = 0.05. Compare the results
with those found in (a).

(¢) Repeat part (a) with 2 = 0.025. Compare the results
with those found in (a) and (b).

(d) Find the solution y = ¢ (¢) of the given problem and
evaluate ¢ (f)att=0.1,0.2, 0.3, and 0.4. Compare
these values with the results of (a), (b), and (¢).

1.y =3+4+1t—y, »(0)=1
2.y =2y—1, »0)=1

3.y =05—1+2y, »(0)=1
4. y =3 cost— 2y, y(0)=0

In each of Problems 5 through 10, draw a direction field
for the given differential equation and state whether you
think that the solutions are converging or diverging.

5.y =5=-3/y

6. y'=y3 —1)

7.7 =@ = m)/(1+)%)

8. y =—tv+0.1)?

9, y/ — t2 + y2
10. y' =07 +2t0)/(3 + 1)
In each of Problems 11 through 14, use Euler’s method
to find approximate values of the solution of the given
initial value problem at t = 0.5, 1, 1.5, 2, 2.5, and 3:
(a) With 2 = 0.1
(b) With 2 =0.05
(¢) With 4 = 0.025
(d) With 2 =0.01
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V=5=-3/y., »0)=2
V'=y3—1), ¥0)=05
V=>@-0p)/0+y), p0)=-2
Yy = —ty + 0.13, »0)=1

Consider the initial value problem

y =32/(3y* —4),  y(1)=0.

(a) Use Euler’s method with 2 = 0.1 to obtain ap-
proximate values of the solutionat=1.2, 1.4,
1.6, and 1.8.

(b) Repeat part (a) with 4 = 0.05.

(c) Compare the results of parts (a) and (b). Note
that they are reasonably close for = 1.2, 1.4,
and 1.6 but are quite different for = 1.8. Also
note (from the differential equation) that the
line tangent to the solution is parallel to the
y-axis when y = £2/+/3 = +1.155. Explain
how this might cause such a difference in the
calculated values.

Consider the initial value problem

y(0) = 1.

Use Euler’s method with 2 = 0.1, 0.05, 0.025, and
0.01 to explore the solution of this problem for
0 <t < 1. Whatis your best estimate of the value of
the solution at# = 0.8? At¢ = 1? Are your results
consistent with the direction field in Problem 9?

v =12+

Consider the initial value problem

Y =0P+2un)/G ), v =2.

18.

19.

Use Euler’s method with 2 = 0.1, 0.05, 0.025, and
0.01 to explore the solution of this problem for
1 <t < 3. Whatis your best estimate of the value of
the solution atz = 2.5? At = 3? Are your results
consistent with the direction field in Problem 10?

Consider the initial value problem

Y = —ty +0.1y°, y(0) = a,

where « is a given number.

(a) Draw a direction field for the differential equa-
tion (or reexamine the one from Problem 8).
Observe that there is a critical value of « in the
interval 2 < o < 3 that separates converging
solutions from diverging ones. Call this critical
value o).

(b) Use Euler’s method with 2 = 0.01 to estimate
ap. Do this by restricting o to an interval
[a, b], where b — a = 0.01.

Consider the initial value problem

V=y - y0)=aq,

where « is a given number.

(a) Draw a direction field for the differential equa-
tion. Observe that there is a critical value of «
inthe interval 0 < o <1 that separates converg-
ing solutions from diverging ones. Call this
critical value «g.

(b) Use Euler’s method with 2 = 0.01 to estimate
a. Do this by restricting «¢ to an interval
[a, b], where b — a = 0.01.

1.4 Classification of Differential

Equations

The main purpose of this book is to discuss some of the properties of solutions of differential
equations, and to present some of the methods that have proved effective in finding solutions
or, in many cases, approximating them. A differential equation is simply an equation
containing one or more derivatives of the unknown function or functions. Since differential
equations can have many different forms, in this section we describe several useful ways of
classifying them. This will help to provide an organizational framework for our presentation.

Ordinary and Partial Differential Equations. One of the more obvious classifications is based on
whether the unknown function depends on a single independent variable or on several
independent variables. In the first case, only ordinary derivatives appear in the differential
equation, and it is said to be an ordinary differential equation. In the second case, the
derivatives are partial derivatives, and the equation is called a partial differential equation.



38 | Chapter 1  Introduction

Systems of Differential Equations. Another classification of differential equations depends on the
number of unknown functions that are involved. If there is a single function to be determined,
then one equation is sufficient. However, if there are two or more unknown functions,
then a system of equations is required. For example, the Lotka—Volterra, or predator—prey,
equations are important in ecological modeling. They have the form

dx/dt = ax — axy

dy/dt = —cy +yxy, (1
where x(¢) and y(¢) are the respective populations of the prey and predator species. The con-
stants a, «, ¢, and y are based on empirical observations and depend on the particular species
being studied. Systems of equations are discussed in Chapters 3, 6, and 7; in particular, the
Lotka—Volterra equations are examined in Section 7.4. In some areas of application, it is

not unusual to encounter very large systems containing hundreds, or even many thousands,
of equations.

Order. The order of a differential equation is the order of the highest derivative that appears in the
equation. The equations in the preceding sections are all first order equations. The equation

ay” + by +cy = f(t), 2)

where a, b, and ¢ are given constants, and /" is a given function, is a second order equation.
Equation (2) is a useful model of several physical systems, and we will consider it in detail
in Chapter 4. More generally, the equation

Flt,u(t), u'(t), ..., u" ()] =0 (3)

isan ordinary differential equation of the nth order. Equation (3) expresses a relation between
the independent variable 7 and the values of the function u and its first n derivatives u’, u”,
..., u"™ Tt is convenient and customary in differential equations to write y for u(¢), with )/,
¥, ..., y"™ standing for u'(¢), u” (%), ..., u”(¢). Thus Eq. (3) is written as

F(l‘,y,y/,...,y(”))zo_ 4)
For example,
Y2y +yy =1t (5)

is a third order differential equation for y = u(r). Occasionally, other letters will be used
instead of 7 and y for the independent and dependent variables; the meaning should be clear
from the context.

We assume that it is always possible to solve a given ordinary differential equation for
the highest derivative, obtaining

Y = fty. Yy ). (6)

We study only equations of the form (6), although in the process of solving them, we often
find it convenient to rewrite them in other forms.

Linear and Nonlinear Equations. A crucial classification of differential equations is whether they are
linear or nonlinear. The ordinary differential equation

F(t,y,y,....,y"™) =0

is said to be linear if F is a linear function of the variables y, ), ..., y™. Thus the general
linear ordinary differential equation of order  is

ag)y™ + a1 ()" + -+ a,(t)y = g(t). (7)
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FLElBI =N An oscillating pendulum.

Most of the equations you have seen thus far in this book are linear; examples are the
equations in Section 1.1 describing heat transport and the field mouse population. All the
equations in Section 1.2 are linear. Similarly, in this section, Eq. (2) is a linear differential
equation. An equation that is not of the form (7) is a nonlinear equation. Each equation in
the system (1) is nonlinear because of the terms that involve the product xy, and Eq. (5) is
also nonlinear because of the term yy’.

A simple physical problem that leads to a nonlinear differential equation is the oscillating
pendulum. The angle 0 that an oscillating pendulum of length L makes with the vertical
direction (see Figure 1.4.1) satisfies the equation

2
‘;Ter%sine:o, (8)
whose derivation is outlined in Problems 21 through 23. The presence of the term involving
sin 0 makes Eq. (8) nonlinear.

The mathematical theory and methods for solving linear equations are highly developed.
In contrast, for nonlinear equations the theory is more complicated, and analytical methods
of solution are less satisfactory. In view of this, it is fortunate that many significant problems
lead to linear ordinary differential equations or can be approximated by linear equations.
For example, for the pendulum, if the angle 6 is small, then sin & = 0 and Eq. (8) can be
approximated by the linear equation

0 g

T + T 0 =0. )
This process of approximating a nonlinear equation by a linear one is called linearization; it
is an extremely valuable way to deal with nonlinear equations. Nevertheless there are many
physical phenomena that simply cannot be represented adequately by linear equations.
To study these phenomena, it is essential to deal with nonlinear equations. Consequently,
numerical approximation methods are of much greater importance for nonlinear equations
than for linear ones.

In an elementary text, it is natural to emphasize the simpler and more straightforward
parts of the subject. Therefore the greater part of this book is devoted to linear equations
and various methods for solving them. However Chapter 7, as well as parts of Chapters 2
and 3, are concerned with nonlinear equations. Whenever it is appropriate, we point out
why nonlinear equations are, in general, more difficult and why many of the techniques that
are useful in solving linear equations cannot be applied to nonlinear equations.

A solution of the ordinary differential equation (6) on the interval @ < ¢ < § is a function
¢ such that ¢/, ¢, ..., ¢ exist and satisfy

() = f1t, $(1), ¢'(0), ..., 6" ()] (10)
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for every ¢ in @ < t < B. Unless stated otherwise, we assume that the function f of Eq. (6)
is a real-valued function, and we are interested in obtaining real-valued solutions y = ¢(?).

Recall that in Section 1.1 we found solutions of certain equations by a process of direct
integration. For instance, we found that the equation

du

— = —k(u — T, 11

o = k= Ty) (D
has the solution

u="Ty+ce ™, (12)

where ¢ is an arbitrary constant. It is often not so easy to find solutions of differential
equations. However, if you find a function that you think may be a solution of a given
equation, it is usually relatively easy to determine whether the function is actually a solution
simply by substituting the function into the equation. For example, in this way it is easy to
show that the function y,(#) = cos ¢ is a solution of

Y'+y=0 (13)

forall #. To confirm this, observe that y{(#) = —sin ¢ and y{(t) = — cos ¢; then it follows that
»{(t) + y1(¢) = 0. In the same way, you can easily show that y,(¢) = sin # is also a solution
of Eq. (13). Of course, this does not constitute a satisfactory way to solve most differential
equations, because there are far too many possible functions for you to have a good chance
of finding the correct one by a random choice. Nevertheless you should realize that you
can verify whether any proposed solution is correct by substituting it into the differential
equation. For any problem that is important to you, this can be a very useful check. It is one
that you should make a habit of considering.

Some Important Questions. Although for Eqgs. (11) and (13) we are able to verify that certain simple

functions are solutions, in general we do not have such solutions readily available. Thus
a fundamental question is the following: Does an equation of the form (6) always have a
solution? The answer is “No.” Merely writing down an equation of the form (6) does not
necessarily mean that there is a function y = ¢(¢) that satisfies it. So, how can we tell whether
some particular equation has a solution? This is the question of existence of a solution,
and it is answered by theorems stating that under certain restrictions on the function /" in
Eq. (6), the equation always has solutions. However this is not a purely mathematical
concern, for at least two reasons. If a problem has no solution, we would prefer to know
that fact before investing time and effort in a vain attempt to solve the problem. Further, if
a sensible physical problem is modeled mathematically as a differential equation, then the
equation should have a solution. If it does not, then presumably there is something wrong
with the formulation. In this sense, an engineer or scientist has some check on the validity
of the mathematical model.

If we assume that a given differential equation has at least one solution, the question
arises as to how many solutions it has, and what additional conditions must be specified
to single out a particular solution. This is the question of uniqueness. In general, solutions
of differential equations contain one or more arbitrary constants of integration, as does the
solution (12) of Eq. (11). Equation (12) represents an infinity of functions corresponding to
the infinity of possible choices of the constant c. As we saw in Section 1.1, if u is specified
at some time ¢, this condition will determine a value for ¢; even so, we have not yet ruled
out the possibility that there may be other solutions of Eq. (11) that also have the prescribed
value of u at the prescribed time z. The issue of uniqueness also has practical implications.
If we are fortunate enough to find a solution of a given problem, and if we know that the
problem has a unique solution, then we can be sure that we have completely solved the
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problem. If there may be other solutions, then perhaps we should continue to search for
them.

A third important question is: Given a differential equation of the form (6), can we actually
determine a solution, and if so, how? Note that if we find a solution of the given equation,
we have at the same time answered the question of the existence of a solution. However
without knowledge of existence theory we might, for example, use a computer to find a
numerical approximation to a “solution” that does not exist. On the other hand, even though
we may know that a solution exists, it may be that the solution is not expressible in terms
of the usual elementary functions—polynomial, trigonometric, exponential, logarithmic,
and hyperbolic functions. Unfortunately, this is the situation for most differential equations.
Thus, we discuss both elementary methods that can be used to obtain exact solutions of
certain relatively simple problems, and also methods of a more general nature that can be
used to find approximations to solutions of more difficult problems.

Computer Use in Differential Equations. A computer can be an extremely valuable tool in the study
of differential equations. For many years, computers have been used to execute numerical
algorithms, such as those described in Sections 1.3, 2.7, and 3.7, to construct numerical
approximations to solutions of differential equations. These algorithms have been refined
to an extremely high level of generality and efficiency. A few lines of computer code,
written in a high-level programming language and executed (often within a few seconds)
on a relatively inexpensive computer, suffice to approximate the solutions of a wide range
of differential equations to a high degree of accuracy. More sophisticated routines are also
readily available. These routines combine the ability to handle very large and complicated
systems with numerous diagnostic features that alert the user to possible problems as they
are encountered.

The usual output from a numerical algorithm is a table of numbers, listing selected values
of the independent variable and the corresponding values of the dependent variable. It is
also easy to display the solution of a differential equation graphically, whether the solution
has been approximated numerically or obtained as the result of an analytical procedure of
some kind. Such a graphical display is often much more illuminating and helpful in under-
standing and interpreting the solution of a differential equation than a table of numbers or
a complicated analytical formula. There are several well-crafted and relatively inexpensive
special-purpose software packages for the graphical investigation of differential equations
on the market. The widespread availability of personal computers has brought powerful
computational and graphical capability within the reach of individual students. You should
consider, in the light of your own circumstances, how best to take advantage of the available
computing resources. You will surely find it enlightening to do so.

Another aspect of computer use that is very relevant to the study of differential equations
is the availability of extremely powerful and general software packages that can perform
a wide variety of mathematical operations. Among these are Maple®, Mathematica®,
and MATLAB®, each of which can be used on various kinds of personal computers or
workstations. All three of these packages can execute extensive numerical computations
and have versatile graphical facilities. Maple and Mathematica also have very powerful
symbolic capabilities. For example, they can perform the analytical steps involved in solving
many differential equations, often in response to a single command. Anyone who expects
to deal with differential equations in more than a superficial way should become familiar
with at least one of these products and explore the ways in which it can be used.

For you, the student, these computing resources have an effect on how you should study
differential equations. To become confident in using differential equations, it is essential to
understand how the solution methods work, and this understanding is achieved, in part, by
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working out a sufficient number of examples in detail. However, eventually you should plan
to delegate as many as possible of the routine (often repetitive) details to a computer, while
you focus on the proper formulation of the problem and on the interpretation of the solution.
Our viewpoint is that you should always try to use the best methods and tools available for
each task. In particular, you should strive to combine numerical, graphical, and analytical
methods so as to attain maximum understanding of the behavior of the solution and of the
underlying process that the problem models. You should also remember that some tasks can
best be done with pencil and paper, whereas others require a calculator or computer. Good
judgment is often needed in selecting a judicious combination.

PROBLEMS

In each of Problems 1 through 6, determine the order of
the given differential equation; also state whether the
equation is linear or nonlinear.

1. tZ%—H%—i-Zy:sint
2. (1—+—y2)§—t}2}+t%+y=e’
4 3 2
3 %—l—%—i—%—i—%%— =1
4. fl—);+ty2=
5. cj—tij+sin(t+y)=sint
d’y

dy 2 3
6. = Hy =t
+ o + (cos“t)y

dr?
In each of Problems 7 through 14, verify that each given
function is a solution of the differential equation.

7.y —y=0; yi(t) =€, y(t) =cosh ¢
8. y'+2y —3y=0; i)y =e, ymt)=eé
9.0 —y=1}  y=3t+7
10. " +4y" +3y=1¢t »i(t)=1/3,
() =e'+1/3
11. 2¢2y" + 3t/ —y=0, t>0;
n@=12 po=r!
12. 2y" 450/ +4y =0, t>0;

=12, ypt)=t*Int
13. y'+y=sect, 0<t<m/2;
y=(cost)Incost+tsint

t
4. y =2ty =1, y= e’Z/ e Sds + e
0

In each of Problems 15 through 18, determine the val-
ues of r for which the given differential equation has
solutions of the form y = .

15. ' +2y=0

16. y" —y=0

17. y"+y —6y=0

18. " —=3y"+2y =0

In each of Problems 19 and 20, determine the values of

r for which the given differential equation has solutions

of the form y = ¢ for ¢ > 0.

19. 2y" + 4t +2y=0

20. 2y’ — 4 +4y =0

21. Follow the steps indicated here to derive the equa-
tion of motion of a pendulum, Eq. (8) in the text.
Assume that the rod is rigid and weightless, that the
mass is a point mass, and that there is no friction
or drag anywhere in the system.

(a) Assume that the mass is in an arbitrary dis-
placed position, indicated by the angle 6. Draw
a free-body diagram showing the forces acting
on the mass.

(b) Apply Newton’s law of motion in the direc-
tion tangential to the circular arc on which the
mass moves. Then the tensile force in the rod
does not enter the equation. Observe that you
need to find the component of the gravitational
force in the tangential direction. Observe also
that the linear acceleration, as opposed to the
angular acceleration, is Ld’6 /dt?, where L is
the length of the rod.

(¢) Simplify the result from part (b) to obtain Eq.
(8) in the text.

22. Another way to derive the pendulum equation (8)
is based on the principle of conservation of energy.

(a) Show that the kinetic energy 7 of the pendu-
lum in motion is

s do\’
==-m — .
2 d
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(b) Show that the potential energy v of the pendu- rate of change of angular momentum about any
lum, relative to its rest position, is point is equal to the net external moment about the
same point.

V =mgL(l — cosH).
(a) Show that the angular momentum M, or mo-

(¢) By the principle of conservation of energy, the ment of momentum, about the point of support

total energy £ = T + V is constant. Calculate is given by M = mL2d6 /dt.
dE /dt., set it equal to zero, and show that the (b) Set dM /dt equal to the moment of the grav-
resulting equation reduces to Eq. (8). itational force, and show that the resulting
23. A third derivation of the pendulum equation de- equation reduces to Eq. (8). Note that positive
pends on the principle of angular momentum: the moments are counterclockwise.

CHAPTER SUMMARY

Differential equations are used to model systems that change continuously in time. The
mathematical investigation of a differential equation usually involves one or more of three
general approaches: geometrical, analytical, and numerical.

Section 1.1 Geometrical A solution of dy/dt = f(t, y) is a differentiable function
y = ¢(t) such that ¢'(¢) = f(¢, $(¢)). The right-hand side of dy/dt = f(¢, y) specifies the
slope of a solution passing through the point y at time ¢. This information can be displayed
geometrically by drawing a line segment with slope f(¢, ) at the point (¢, y). A direction
field consists of a large number of such line segments, usually drawn on a rectangular grid. A
direction field provides a geometric representation of the flow of solutions of the differential
equation.

Section 1.2 Linear Equations: An Analytic Method dy/dt + p(t)y = g(?).
Multiplying by the integrating factor u(f) = expl [ p(r)dt] leads to d(iy)/dt =ug. Integrating
then yields y = = '[ [ ug dr + c].

Section 1.3 Numerical For the initial value problem y’ = f(¢, y), ¥(ty) = yo, the
Euler method is the numerical approximation algorithm

iyl =1y +h, yn+1:yn+hf(tnvyn)v n=0,1,2,...

that geometrically consists of a finite number of connected line segments, each of whose
slopes is determined by the slope at the initial point of each segment.

Section 1.4 Classification Itis necessary to classify differential equations accord-
ing to various criteria for a sensible treatment of theory, solution methods, and solution
behavior:

P> ordinary differential equations and partial differential equations
P single (or scalar) equations and systems of equations

P> linear equations and nonlinear equations
>

first order equations and higher order equations



r-/----
e 4 v

I i A s
o n v -

First Order Differential
Equations

his chapter deals with differential equations of first order,

dy
=S, (M
where f is a given function of two variables. Any differentiable
function y = ¢(¢) that satisfies this equation for all  in some interval
is called a solution. Our object is to develop methods for finding solutions or, if
that is not possible, approximating them. Unfortunately, for an arbitrary function
f. there is no general method for solving Eq. (1) in terms of elementary functions.
Instead, we will describe several methods, each of which is applicable to a certain
subclass of first order equations. The most important of these are linear equations
(already discussed in Section 1.2), separable equations (Section 2.1), and exact
equations (Section 2.5). In Section 2.4, we discuss another subclass of first order
equations, autonomous equations, for which geometrical methods yield valuable
information about solutions. Finally, in Sections 2.6 and 2.7, we revisit the question
of constructing numerical approximations to solutions, and introduce algorithms
more efficient than the Euler method of Section 1.3. Along the way, especially in
Sections 2.2 and 2.4, we point out some of the many areas of application in which
first order differential equations provide useful mathematical models.

44
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2.1 Separable Equations

In Section 1.1, we used a process of direct integration to solve first order linear equations
of the form
dy

- = b, 2
7 ay + @)

where a and b are constants. We will now show that this process is actually applicable to a
much larger class of equations.

We will use x, rather than ¢, to denote the independent variable in this section for two
reasons. In the first place, different letters are frequently used for the variables in a differential
equation, and you should not become too accustomed to using a single pair. In particular, x
often occurs as the independent variable. Further, we want to reserve ¢ for another purpose
later in the section.

The general first order equation is

Y- fwn. 3
X
Linear equations were considered in Section 1.2, but if Eq. (3) is nonlinear, then the method
developed in that section no longer applies. Here, we consider a subclass of first order
equations that can be solved by direct integration.
To identify this class of equations, we first rewrite Eq. (3) in the form

d
M(x, y) + N(x, y)ﬁ —0. (%)

It is always possible to do this by setting M(x, y) = — f(x, y) and N(x, y) = 1, but there
may be other ways as well. If it happens that M is a function of x only and N is a function
of y only, then Eq. (4) becomes

d
M)+ NoHZ =o. )
dx
Such an equation is said to be separable, because if it is written in the differential form
M(x)dx + N(y)dy = 0, (6)

then, if you wish, terms involving each variable may be separated by the equals sign. The
differential form (6) is also more symmetric and tends to diminish the distinction between
independent and dependent variables.

A separable equation can be solved by integrating the functions M and N. We illustrate
the process by an example and then discuss it in general for Eq. (5).

EEEN
EXAMPLE
1

Show that the equation

dy x?

- 7
dx 1—y? 0

is separable, and then find an equation for its integral curves.
If we write Eq. (7) as

d
2+ (1-y) L=, ®)
dx
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then it has the form (5) and is therefore separable. Next, observe that the first term in

Eq. (8) is the derivative of —x*/3 with respect to x. Further, if we think of y as a function
of x, then by the chain rule

i _y_3 _i _y_3 d_y_(l_ Z)d_y
dx 3) dy u 3 )dx Y dx’

Thus Eq. (8) can be written as

d x3 d »
el il —Z ) =o,
dx( 3)+de’ 3)

d x3 y3
-y -L)=o
w( 3T 3)

Therefore by integrating, we obtain

or

—x3 4 3y — y3 =c, 9

where c is an arbitrary constant. Equation (9) is an equation for the integral curves of Eq. (7).
A direction field and several integral curves are shown in Figure 2.1.1. Any differentiable
function y = ¢(x) that satisfies Eq. (9) is a solution of Eq. (7). An equation of the integral
curve passing through a particular point (x, yo) can be found by substituting x, and y, for
x and y, respectively, in Eq. (9) and determining the corresponding value of c.

——— s

|
N—— —

/S S e 7
S S S —— N

S S S S ——

F[e18] =PI Direction field and integral curves of y' = x2/(1 — y?).
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Essentially the same procedure can be followed for any separable equation. Returning
to Eq. (5), let H; and H; be any antiderivatives of M and N, respectively. Thus

Hi(x) = M(x), Hy(y) = N(), (10)
and Eq. (5) becomes dy
Hi(x) + Hy(7) 7 = 0. (a1
X
According to the chain rule, if y is a function of x, then
dy _dH(y)dy _d
H/ _— = - = _H . 12
) =y dx = g ) (12)
Consequently, we can write Eq. (11) as
d
= () + ()] = 0. (13)
X
By integrating Eq. (13), we obtain
Hi(x) + Hy(y) =c, (14)

where ¢ is an arbitrary constant. Any differentiable function y = ¢(x) that satisfies
Eq. (14) is a solution of Eq. (5); in other words, Eq. (14) defines the solution implicitly
rather than explicitly. In practice, Eq. (14) is usually obtained from Eq. (6) by integrating
the first term with respect to x and the second term with respect to y. This more direct
procedure is illustrated in Examples 2 and 3 below.

If, in addition to the differential equation, an initial condition

y(x0) = »o (15)

is prescribed, then the solution of Eq. (5) satisfying this condition is obtained by setting
x = xp and y =y in Eq. (14). This gives

¢ = Hi(xo) + Hz(y0). (16)
Substituting this value of ¢ in Eq. (14) and noting that

X y
H\(x) — Hi(xo) = / M(s) ds, Hy(y) — Ha(») = / N(s)ds,

Yo

we obtain x y
/ M(s) ds—i—/ N(s)ds = 0. (17)
X0 Yo
Equation (17) is an implicit representation of the solution of the differential equation (5)
that also satisfies the initial condition (15). You should bear in mind that the determination
of an explicit formula for the solution requires that Eq. (17) be solved for y as a function of
x. Unfortunately, it is often impossible to do this analytically; in such cases, you can resort
to numerical methods to find approximate values of y for given values of x. Alternatively,
if it is possible to solve for x in terms of y, then this can often be very helpful.

AEEEN
EXAMPLE
2

Solve the initial value problem
dy 3x2+4x+2
= - = 0)=—1, 18
pre T »(0) (1)

and determine the interval in which the solution exists.
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The differential equation can be written as
2(y — 1) dy = (3x% + 4x + 2) dx.

Integrating the left side with respect to y and the right side with respect to x gives

Y2 =2y =x34+2x2 +2x +c, (19)
where c is an arbitrary constant. To determine the solution satisfying the prescribed initial
condition, we substitute x = 0 and y = —1 in Eq. (19), obtaining ¢ = 3. Hence the solution
of the initial value problem is given implicitly by

y =2y =x* 4+ 2x% +2x + 3. (20)

To obtain the solution explicitly, we must solve Eq. (20) for y in terms of x. That is a simple
matter in this case, since Eq. (20) is quadratic in y, and we obtain

y=1+vx342x2+2x + 4. 21)

Equation (21) gives two solutions of the differential equation, only one of which, however,
satisfies the given initial condition. This is the solution corresponding to the minus sign in
Eq. (21), so we finally obtain

y=¢(x)=1—vx3+2x2+2x + 4 (22)

as the solution of the initial value problem (18). Note that if the plus sign is chosen by mistake
in Eq. (21), then we obtain the solution of the same differential equation that satisfies the
initial condition )(0) = 3. Finally, to determine the interval in which the solution (22) is
valid, we must find the interval (containing the initial point x = 0) in which the quantity
under the radical is positive. The only real zero of this expression is x = —2, so the desired
interval is x > —2. The solution of the initial value problem and some other integral curves
of the differential equation are shown in Figure 2.1.2. Observe that the boundary of the
interval of validity of the solution (22) is determined by the point (—2, 1) at which the
tangent line is vertical.

@l
=\

S0P PA  Integral curves of ' = (3x2 4 4x +2)/2(y — 1).
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EEEN
EXAMPLE
3

Solve the equation 3

dy 4x—x
dx 443

(23)

and draw graphs of several integral curves. Also find the solution passing through the point
(0, 1) and determine its interval of validity.

Rewriting Eq. (23) as 4+ %) dy = (4x — x%) dx,
integrating each side, multiplying by 4, and rearranging the terms, we obtain
Y416y +xt—8xr=¢, (24)

where ¢ is an arbitrary constant. Any differentiable function y = ¢(x) that satisfies Eq. (24)
is a solution of the differential equation (23). Graphs of Eq. (24) for several values of ¢ are
shown in Figure 2.1.3.

el PR Integral curves of ' = (4x — x3)/(4 + y*). The solution passing through
(0, 1) is shown by the heavy curve.

To find the particular solution passing through (0, 1), we setx = 0 and y = 1 in Eq. (24)
with the result that ¢ = 17. Thus the solution in question is given implicitly by

Y416y +x* —8x2=17. (25)

It is shown by the heavy curve in Figure 2.1.3. The interval of validity of this solution
extends on either side of the initial point as long as the function remains differentiable.
From the figure, we see that the interval ends when we reach points where the tangent
line is vertical. It follows, from the differential equation (23), that these are points where
4433 =0,0ry = (—4)"3= —1.5874. From Eq. (25), the corresponding values of x are
x = &£ 3.3488. These points are marked on the graph in Figure 2.1.3.
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PROBLEMS
EE N BN EEEEEEEEEEEEEEEEn

In each of Problems 1 through 8, solve the given dif-

Sometimes an equation of the form (3),

has a constant solution y = yy. Such a solution is usually easy to find because if
f(x, yo) = 0 for some value yy and for all x, then the constant function y = yj is a solu-

dy .
E _f(x’y)’

tion of the differential equation (3). For example, the equation

has the constant solution y = 3. Other solutions of this equation can be found by separating
the variables and integrating.
The investigation of a first order nonlinear equation can sometimes be facilitated by

dy  (y—3)cosx
dx 1422

regarding both x and y as functions of a third variable 7. Then

If the differential equation is

then, by comparing numerators and denominators in Eqs. (27) and (28), we obtain the

dx/dt = G(x, y),

system

At first sight it may seem unlikely that a problem will be simplified by replacing a single
equation by a pair of equations, but, in fact, the system (29) may well be more amenable to
investigation than the single equation (28). Nonlinear systems of the form (29) are introduced

dy dy/dt

dx — dx/dt’
dy _ F(x,)
dx  G(x,y)’

dy/dt = F(x, y).

in Section 3.6 and discussed more extensively in Chapter 7.

Note: In Example 2, it was not difficult to solve explicitly for y as a function of x. However
this situation is exceptional, and often it will be better to leave the solution in implicit form,
as in Examples 1 and 3. Thus, in the problems below and in other sections where nonlinear
equations appear, the words “solve the following differential equation” mean to find the
solution explicitly if it is convenient to do so, but otherwise, to find an equation defining

the solution implicitly.

ferential equation.

1.

AN S

V' =x*y

V' =x*/y(1+x%)

Yy + y*sinx =0

V' =@Bx* = 1)/ +2y)
¥ = (cos? x)(cos? 2y)
xy' =1 —yH?

dy x—e*
dx y+er
dy x?

dx 142

In each of Problems 9 through 20:

(a) Find the solution of the given initial value problem

in explicit form.
(b) Plot the graph of the solution.

(¢) Determine (at least approximately) the interval in

which the solution is defined.

9. y'=(1=2x)%  y(0)=—3
10. y/ =1 —2x)/y, y(1)y=-2
11. xdx + ye*dy =0, y(0)=1
12. dr/d6 =1?/6, r(ly=2
13,y =2x/(y +x%),  y(0)=-2

14. y =xp3(1 +x*)~12, y(0)=1



15. v = 2x /(1 +2y),
16. y = x(x>+ 1)/4)°,

¥2)=0
»0)=~1/v2

17. y' = (3x* —¢€%)/2y — 5), y(0)=1

18. Y/ =(e" —e")/(3 +4y), y(0) =1

19. sin2x dx 4+ cos3ydy =0, y(/2)=m/3
20. y*(1 — x*)2dy = arcsin x dx, y(0) =1

Some of the results requested in Problems 21 through
28 can be obtained either by solving the given equa-
tions analytically or by plotting numerically generated
approximations to the solutions. Try to form an opin-
ion as to the advantages and disadvantages of each ap-
proach.

21. Solve the initial value problem

Y =(01+32%)/3y* —6y), w0 =1

and determine the interval in which the solution is
valid.
Hint: To find the interval of definition, look for
points where the integral curve has a vertical tan-
gent.

22. Solve the initial value problem

Y =3x8y -4,  y1)=0

and determine the interval in which the solution is
valid.
Hint: To find the interval of definition, look for
points where the integral curve has a vertical tan-
gent.

23. Solve the initial value problem

y=2"+x y0)=1
and determine where the solution attains its mini-
mum value.
24. Solve the initial value problem
y'=02-e)/3+2y), »©0)=0

and determine where the solution attains its max-
imum value.

25. Solve the initial value problem

¥y =2cos2x/(3 +2y), y(0)=-1

and determine where the solution attains its max-
imum value.
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26. Solve the initial value problem

¥ =2(1+x)(1+)%), $(0) =0

and determine where the solution attains its mini-
mum value.
27. Consider the initial value problem

Y =ty(4—y)/3,

(a) Determine how the behavior of the solution as
t increases depends on the initial value yy.

(b) Suppose that yy =0.5. Find the time 7" at which
the solution first reaches the value 3.98.

»(0) = yo.

28. Consider the initial value problem

Y =ty(d—y)/(1+1),

(a) Determine how the solution behaves as
t — 00.

(b) If yg = 2, find the time 7" at which the solution
first reaches the value 3.99.

(¢) Find the range of initial values for which the
solution lies in the interval 3.99 <y < 4.01 by

y(0) =yo > 0.

the time ¢ = 2.
29. Solve the equation
dy ay+b
dx cy+d’

where a, b, ¢, and d are constants.

Homogeneous Equations. If the right side of the equa-
tiondy/dx = f(x, y)canbe expressed as a function of
the ratio y/x only, then the equation is said to be homo-
geneous.! Such equations can always be transformed
into separable equations by a change of the dependent
variable. Problem 30 illustrates how to solve first order
homogeneous equations.

30. Consider the equation

dy y—4x @
e . i
dx xX—y

(a) Show that Eq. (i) can be rewritten as
dy — O/x) -4, (ii)
dx — 1—(y/x)

thus Eq. (i) is homogeneous.

(b) Introduce a new dependent variable v so that
v =y/x, ory = xv(x). Express dy/dx in terms
of x, v, and dv /dx.

'The word “homogeneous” has different meanings in different mathematical contexts. The homogeneous
equations considered here have nothing to do with the homogeneous equations that will occur in Chapter 3

and elsewhere.
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(c) Replace y and dy/dx in Eq. (ii) by the expres-  y = xv(x) transforms a homogeneous equation into a
sions from part (b) that involve v and dv/dx. separable equation. The latter equation can be solved
Show that the resulting differential equationis by direct integration, and then replacing v by y/x gives

dv  v—4 the solution to the original equation.
U+ Xx— In each of Problems 31 through 38:

dx 1-v (a) Show that the given equation is homogeneous.
or dv  v*—4 (b) Solve the differential equation.
xa T 1=v" (i) (¢) Draw a direction field and some integral curves.

S o
Observe that Eq. (iii) is separable. Are they symmetric with respect to the origin?

(d) Solve Eq. (iii), obtaining v implicitly in terms dy x*+xy+y?

of x. S E - x2
(e) Find the solution of Eq. (i) by replacing v by dy  x?43y)?
¥/x in the solution in part (d). 32. dx  2xy
(f) Draw a direction field and some integral dy 4y —3x
curves for Eq. (i). Recall that the right side of 33. dx  2x — y
Eq. (i) actually depends only on the ratio y/x.
: ; dy 4x + 3y
This means that integral curves have the same 34, — = —————
. . . . dx 2x 4y
slope at all points on any given straight line d 43
through the origin, although the slope changes 3s. & _ 24
from one line to another. Therefore the direc- dx x—y

tion field and the integral curves are symmet- ~ 30- (* +3xy +y)dx —x*dy =0

ric with respect to the origin. Is this symmetry 37 d_y _ x? =3y’

property evident from your plot? T dx o 2xy
The method outlined in Problem 30 can be used for 28 dy _ 3y2 — x?
any homogeneous equation. That is, the substitution Cdx 2xy

2.2 Modeling with First Order Equations

Differential equations are of interest to nonmathematicians primarily because of the pos-
sibility of using them to investigate a wide variety of problems in engineering and in the
physical, biological, and social sciences. One reason for this is that mathematical models
and their solutions lead to equations relating the variables and parameters in the problem.
These equations often enable you to make predictions about how the natural process will
behave in various circumstances. It is often easy to vary parameters in the mathematical
model over wide ranges, whereas this may be very time-consuming or expensive, if not
impossible, in an experimental setting. Nevertheless mathematical modeling and experi-
ment or observation are both critically important and have somewhat complementary roles
in scientific investigations. Mathematical models are validated by comparison of their pre-
dictions with experimental results. On the other hand, mathematical analyses may suggest
the most promising directions for experimental exploration, and they may indicate fairly
precisely what experimental data will be most helpful.

In Section 1.1, we formulated and investigated a few simple mathematical models. We
begin by recapitulating and expanding on some of the conclusions reached in that section.
Regardless of the specific field of application, there are three identifiable stages that are
always present in the process of mathematical modeling.

Construction of the Model. In this stage, you translate the physical situation into mathematical terms,
often using the steps listed at the end of Section 1.1. Perhaps most critical at this stage is to



2.2 Modeling with First Order Equations | 53

state clearly the physical principle(s) that are believed to govern the process. For example, it
has been observed that in some circumstances heat passes from a warmer to a cooler body at
arate proportional to the temperature difference, that objects move about in accordance with
Newton’s laws of motion, and that isolated insect populations grow at a rate proportional
to the current population. Each of these statements involves a rate of change (derivative)
and consequently, when expressed mathematically, leads to a differential equation. The
differential equation is a mathematical model of the process.

It is important to realize that the mathematical equations are almost always only an
approximate description of the actual process. For example, bodies moving at speeds com-
parable to the speed of light are not governed by Newton’s laws, insect populations do
not grow indefinitely as stated because of eventual limitations on their food supply, and
heat transfer is affected by factors other than the temperature difference. Alternatively, one
can adopt the point of view that the mathematical equations exactly describe the opera-
tion of a simplified or ideal physical model, which has been constructed (or imagined) so
as to embody the most important features of the actual process. Sometimes, the process
of mathematical modeling involves the conceptual replacement of a discrete process by a
continuous one. For instance, the number of members in an insect population is an integer;
however, if the population is large, it may seem reasonable to consider it to be a continuous
variable and even to speak of its derivative.

Analysis of the Model. Once the problem has been formulated mathematically, you are often faced with the
problem of solving one or more differential equations or, failing that, of finding out as much
as possible about the properties of the solution. It may happen that this mathematical problem
is quite difficult, and if so, further approximations may be required at this stage to make the
problem more susceptible to mathematical investigation. For example, a nonlinear equation
may be approximated by a linear one, or a slowly varying coefficient may be replaced by a
constant. Naturally, any such approximations must also be examined from the physical point
of view to make sure that the simplified mathematical problem still reflects the essential
features of the physical process under investigation. At the same time, an intimate knowledge
of'the physics of the problem may suggest reasonable mathematical approximations that will
make the mathematical problem more amenable to analysis. This interplay of understanding
of physical phenomena and knowledge of mathematical techniques and their limitations is
characteristic of applied mathematics at its best, and it is indispensable in successfully
constructing useful mathematical models of intricate physical processes.

Comparison with Experiment or Observation. Finally, having obtained the solution (or at least
some information about it), you must interpret this information in the context in which
the problem arose. In particular, you should always check that the mathematical solution
appears physically reasonable. If possible, calculate the values of the solution at selected
points and compare them with experimentally observed values. Or ask whether the behavior
of the solution after a long time is consistent with observations. Or examine the solutions
corresponding to certain special values of parameters in the problem. Of course, the fact
that the mathematical solution appears to be reasonable does not guarantee that it is cor-
rect. However, if the predictions of the mathematical model are seriously inconsistent with
observations of the physical system it purports to describe, this suggests that errors have
been made in solving the mathematical problem, that the mathematical model itself needs
refinement, or that observations must be made with greater care.

The examples in this section are typical of applications in which first order differential
equations arise.
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EEEN
EXAMPLE
1

Mixing

At time ¢ = 0 a tank contains Qy 1b of salt dissolved in 100 gal of water; see Figure 2.2.1.
Assume that water containing % Ib of salt/gal is entering the tank at a rate of » gal/min and
that the well-stirred mixture is draining from the tank at the same rate. Set up the initial
value problem that describes this flow process. Find the quantity of salt O(¢) in the tank
at any time, and also find the limiting quantity Q; that is present after a very long time. If
r=3and Qy =20, find the time 7 after which the salt level is within 2% of Q; . Also find
the flow rate that is required if the value of 7 is not to exceed 45 min.

rgal/min,% Ib/gal

rgal/min

FHLelb =AM The water tank in Example 1.

We assume that salt is neither created nor destroyed in the tank. Therefore variations in
the amount of salt are due solely to the flows in and out of the tank. More precisely, the rate
of change of salt in the tank, dQ/dt, is equal to the rate at which salt is flowing in minus the
rate at which it is flowing out. In symbols,

dQ .

T rate in — rate out. (1)
The rate at which salt enters the tank is the concentration % Ib/gal times the flow rate r
gal/min, or (r/4) 1b/min. To find the rate at which salt leaves the tank, we need to multiply
the concentration of salt in the tank by the rate of outflow, » gal/min. Since the rates of flow
in and out are equal, the volume of water in the tank remains constant at 100 gal, and since
the mixture is “well stirred,” the concentration throughout the tank is the same, namely,
[O(£)/100] Ib/gal. Therefore the rate at which salt leaves the tank is [#Q(¢)/100] 1b/min.
Thus the differential equation governing this process is

ag r rQ
= _L_ = 2
dt 4 100 @
The initial condition is
0(0) = Qo. (3)

Upon thinking about the problem physically, we might anticipate that eventually the
mixture originally in the tank will be essentially replaced by the mixture flowing in, whose
concentration is % Ib/gal. Consequently, we might expect that ultimately the amount of salt
in the tank would be very close to 25 1b. We can also find the limiting amount Q; = 25 by
setting dQ/dt equal to zero in Eq. (2) and solving the resulting algebraic equation for Q.
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To find O() at any time ¢, note that Eq. (2) is both linear and separable. Rewriting it in
the usual form for a linear equation, we have
d r r
9  rQ _

=, 4
dt 100 4 @)

7t/100

Thus the integrating factor is e . Mutiplying by this factor and integrating, we obtain

100
ert/lOOQ(t) _ %Tert/loo toe,

so the general solution is
O(t) = 25 + ce /1%, (5)

where ¢ is an arbitrary constant. To satisfy the initial condition (3), we must choose
¢ = Qp — 25. Therefore the solution of the initial value problem (2), (3) is

O(1) = 25+ (Qo — 25)e """, (6)

or o(t) =251 — e*rt/lOO) + Qoefrt/IOOI ™

From Eq. (6) or (7), you can see that O(#) — 25 1b as t — 00, so the limiting value Q; is
25, confirming our physical intuition. Further, Q(7) approaches the limit more rapidly as
increases. In interpreting the solution (7), note that the second term on the right side is the
portion of the original salt that remains at time #, while the first term gives the amount of
salt in the tank due to the action of the flow processes. Plots of the solution for » = 3 and
for several values of Qg are shown in Figure 2.2.2.

Q
50
40
10
| | | | |
20 40 60 80 100 ¢
m Solutions of the initial value problem (2), (3) for » = 3 and several values
of Q() .

Now suppose that » = 3 and Oy = 20, = 50; then Eq. (6) becomes

O(t) = 25 + 25¢ 003, (8)
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Since 2% of 25 is 0.5, we wish to find the time 7 at which O(7) has the value 25.5. Substituting
t =T and Q = 25.5 in Eq. (8) and solving for T, we obtain

7 = (In50)/0.03 = 130.4 (min). ©)]

To determine r so that 7 = 45, return to Eq. (6), set = 45, Oy = 50, O(¢) = 25.5, and
solve for r. The result is

r = (100/45)In 50 = 8.69 gal/min. (10)

Since this example is hypothetical, there are no experimental data for comparison. The

flow rates can presumably be measured with considerable accuracy. However the assumption

of a uniform concentration of salt in the tank may be more questionable, since this may

depend on how the liquid in the tank is stirred, whether the incoming flow is distributed or
concentated in one location, and perhaps on the shape of the tank.

Although the details in Example 1 have no special significance, the fundamental balance
principle expressed by Eq. (1) can be applied in many different circumstances. Models
similar to Example 1 are often used in problems involving a pollutant in a lake, or a drug in
an organ of the body, for example, rather than a tank of salt water. In such cases, the flow
rates may not be easy to determine or may vary with time. Similarly, the concentration may
be far from uniform in some cases. Finally, the rates of inflow and outflow may be different,
which means that the variation of the amount of liquid in the problem must also be taken
into account. The next example illustrates the use of the balance principle (1) in a financial
setting.

EEEN
EXAMPLE
2

A Car Loan

Suppose that a recent college graduate wishes to borrow $20,000 in order to purchase a
new car (or perhaps for some other purpose). A lender is willing to provide the loan with
an annual interest rate of 8%. The borrower wishes to pay off the loan in four years. What
monthly payment is required to do this?

This is an instance where a continuous approximation to a discrete process may be a bit
easier to analyze than the actual process. Let S(¢) be the balance due on the loan at any time ¢.
Suppose that S is measured in dollars and ¢ in years. Then dS/dt has the units of dollars/year.
The balance on the loan is affected by two factors: the accumulation of interest tends to
increase S(f) and the payments by the borrower tend to reduce it. Based on the balance
principle (1), we can express dS/dt as the net effect of these two factors. Thus we obtain

ds

— =rS— 12k, 11

=7 an
where 7 is the annual interest rate and & is the monthly payment rate. Note that £ must be
multiplied by 12 in Eq. (11) so that all terms will have the units of dollars/year. The initial

condition is
$(0) = So, (12)
where S is the amount of the loan.

For the situation stated in this example » = 0.08 and Sy = 20,000, so we have the initial

value problem
ds
7l 0.08S — 12k, S(0) = 20,000. (13)

If we rewrite the differential equation as
S’ —0.08S5 = —12k,
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then the integrating factor is e, and after an integration we obtain
o008 g 12 ke 008 4 o
0.08 '
or S = 150k + ce™ . (14)

From the initial condition it follows that ¢ = 20,000 — 150k, so the solution of the initial
value problem (13) is

S = 20,000e%%" — 150k(e™%% — 1). (15)

To find the monthly payment needed to pay off the loan in four years, we set t =4, S = 0,
and solve Eq. (15) for . The result is

k_zo,ooo 032
7150 €932 — ]

The total amount paid over the life of the loan is 48 times $486.88, or $23,370.24; thus the
total interest payment is $3,370.24.

The solution (15) can also be used to answer other possible questions. For example,
suppose that the borrower wants to limit the monthly payment to $450. One way to do this
is to extend the period of the loan beyond four years, thereby increasing the number of
payments. To find the required time period, set k£ = 450, S = 0, and solve for #, with the
result that

= $486.88. (16)

In(27/19)
=008 - 4.39 yr, (17)
or about 53 months.

To assess the accuracy of this continuous model, we can solve the problem more precisely
(see Problem 11). The comparison shows that the continuous model understates the monthly

payment by $1.38, or about 0.28%.

The approach used in Example 2 can also be applied to the more general initial value
problem (11), (12), whose solution is

k
§ =S¢ —12-(" — 1). (18)

The result (18) can be used in a large number of financial circumstances, including various
kinds of investment programs, as well as loans and mortgages. For an investment situation,
r is the estimated rate of return (interest, dividends, capital gains) and & is the monthly rate
of deposits or withdrawals. The first term in expression (18) is the part of S(¢) that is due to
the return accumulated on the initial amount Sy, and the second term is the part that is due
to the deposit or withdrawal rate k.

The advantage of stating the problem in this general way without specific values for Sy,
r, or k lies in the generality of the resulting formula (18) for S(¢). With this formula we can
readily compare the results of different investment programs or different rates of return.

EEEN
EXAMPLE
3
Chemicals in
a Pond

Consider a pond that initially contains 10 million gal of fresh water. Stream water containing
an undesirable chemical flows into the pond at the rate of 5 million gal/yr, and the mixture
in the pond flows out through an overflow culvert at the same rate. The concentration y (¢) of
chemical in the incoming water varies periodically with time 7, measured in years, according
to the expression y(f) = 2 + sin2¢ g/gal. Construct a mathematical model of this flow
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process and determine the amount of chemical in the pond at any time. Plot the solution
and describe in words the effect of the variation in the incoming concentration.

Since the incoming and outgoing flows of water are the same, the amount of water in the
pond remains constant at 107 gal. Let us denote the mass of the chemical by O(¢), measured
in grams. This example is similar to Example 1, and the same inflow/outflow principle
applies. Thus

—Q = rate in — rate out,
dt

where “rate in” and “rate out” refer to the rates at which the chemical flows into and out of
the pond, respectively. The rate at which the chemical flows in is given by

Rate in = (5 x 10°) gal/yr (2 4 sin2¢) g/gal. (19)

The concentration of chemical in the pond is Q(¢)/107 g/gal, so the rate of flow out is

Rate out = (5 x 10%) gal/yr [O(¢)/107] g/gal = O(1)/2 g/yr. (20)
Thus we obtain the differential equation
d t
d—? = (5 x 10%)(2 + sin2¢) — % (21)

where each term has the units of g/yr.

To make the coefficients more manageable, it is convenient to introduce a new dependent
variable defined by ¢ (1) = Q(¢)/10° or O(t) = 10° g(¢). This means that ¢(¢) is measured
in millions of grams, or megagrams. If we make this substitution in Eq. (21), then each term
contains the factor 10°, which can be canceled. If we also transpose the term involving ¢(¢)
to the left side of the equation, we finally have

dg 1

L 4 ~4 =10+ 5sin2s. 22
dt+2q + (22)

Originally, there is no chemical in the pond, so the initial condition is
q(0) = 0. (23)

Equation (22) is linear, and although the right side is a function of time, the coefficient
of g is a constant. Thus the integrating factor is /2. Multiplying Eq. (22) by this factor and
integrating the resulting equation, we obtain the general solution

40 10 . )
q(t) =20 — —cos2t + —sin2t 4 ce /2. (24)
17 17
The initial condition (23) requires that ¢ = —300/17, so the solution of the initial value
problem (22), (23) is
300

=202 2t + 19 Gin 2 /2 25
q(t) = 17cos 17sm 17e . (25)

A plot of the solution (25) is shown in Figure 2.2.3, along with the line ¢ = 20. The
exponential term in the solution is important for small #, but it diminishes rapidly as ¢
increases. Later, the solution consists of an oscillation, due to the sin 2¢ and cos 2¢ terms,
about the constant level ¢ = 20. Note that if the sin 2¢ term were not present in Eq. (22),
then ¢ = 20 would be the equilibrium solution of that equation.
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IGENIEPREN  Solution of the initial value problem (22), (23).

Let us now consider the adequacy of the mathematical model itself for this problem. The
model rests on several assumptions that have not yet been stated explicitly. In the first place,
the amount of water in the pond is controlled entirely by the rates of flow in and out—none
is lost by evaporation or by seepage into the ground, and none is gained by rainfall. The
same is true of the chemical; it flows into and out of the pond, but none is absorbed by
fish or other organisms living in the pond. In addition, we assume that the concentration of
chemical in the pond is uniform throughout the pond. Whether the results obtained from
the model are accurate depends strongly on the validity of these simplifying assumptions.

EEEN
EXAMPLE
4

Escape
Velocity

A body of constant mass m is projected away from the earth in a direction perpendicular
to the earth’s surface with an initial velocity vy. Assuming that there is no air resistance,
but taking into account the variation of the earth’s gravitational field with distance, find an
expression for the velocity during the ensuing motion. Also find the initial velocity that is
required to lift the body to a given maximum altitude & above the surface of the earth, and
find the least initial velocity for which the body will not return to the earth; the latter is the
escape velocity.

Let the positive x-axis point away from the center of the earth along the line of motion,
with x = 0 lying on the earth’s surface; see Figure 2.2.4. The figure is drawn horizontally to
remind you that gravity is directed toward the center of the earth, which is not necessarily
downward from a perspective away from the earth’s surface. The gravitational force acting
on the body (i.e., its weight) is inversely proportional to the square of the distance from
the center of the earth and is given by w(x) = —k/(x + R)?, where k is a constant, R is
the radius of the earth, and the minus sign signifies that w(x) is directed in the negative
x direction. We know that on the earth’s surface w(0) is given by —mg, where g is the
acceleration due to gravity at sea level. Therefore k = mgR? and

mg R?
=——. 26
YW=~ 26)
Since there are no other forces acting on the body, the equation of motion is
d R?

m— = - B
dt (R +x)?
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m A body in the earth’s gravitational field.

and the initial condition is
v(0) = vy. (28)

Unfortunately, Eq. (27) involves too many variables since it depends on ¢, x, and v. To
remedy this situation, we can eliminate ¢ from Eq. (27) by thinking of x, rather than ¢, as
the independent variable. Then we must express dv/dt in terms of dv /dx by the chain rule;
hence

dv dv dx dv

dt dxdi dx’

and Eq. (27) is replaced by

d R?
o8 (29)

dx (R + x)?
Equation (29) is separable but not linear, so by separating the variables and integrating, we
obtain

2 2

v gR
i . 30

2 R+ x te (30)
Since x = 0 when ¢ = 0, the initial condition (28) at = 0 can be replaced by the condition
that v = vy when x = 0. Hence ¢ = (v3/2) — gR and

2gR?
R+x’

v=:|:\/v§—2gR+ (31

Note that Eq. (31) gives the velocity as a function of altitude rather than as a function of
time. The plus sign must be chosen if the body is rising, and the minus sign if it is falling
back to earth.

To determine the maximum altitude & that the body reaches, we setv = 0 and x = & in
Eq. (31) and then solve for &, obtaining
ViR

e

(32)

Solving Eq. (32) for vy, we find the initial velocity required to lift the body to the altitude

&, namely,
vy = 2gRL . (33)
R+&

The escape velocity v, is then found by letting & — oo. Consequently,
Ve = /2gR. (34)

The numerical value of v, is approximately 6.9 mi/s, or 11.1 km/s.
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The preceding calculation of the escape velocity neglects the effect of air resistance,
so the actual escape velocity (including the effect of air resistance) is somewhat higher.
On the other hand, the effective escape velocity can be significantly reduced if the body is
transported a considerable distance above sea level before being launched. Both gravitational
and frictional forces are thereby reduced; air resistance, in particular, diminishes quite
rapidly with increasing altitude. You should keep in mind also that it may well be impractical
to impart too large an initial velocity instantaneously; space vehicles, for instance, receive
their initial acceleration during a period of a few minutes.

PROBLEMS
E NN NN NN EEEEEEEEEN

1. Consider a tank used in certain hydrodynamic ex-

periments. After one experiment the tank contains
200 L of a dye solution with a concentration of
1 g/L. To prepare for the next experiment, the tank
is to be rinsed with fresh water flowing in at a rate
of 2 L/min, the well-stirred solution flowing out at
the same rate. Find the time that will elapse before
the concentration of dye in the tank reaches 1% of
its original value.

. A tank initially contains 120 L of pure water. A
mixture containing a concentration of y g/L of
salt enters the tank at a rate of 2 L/min, and the
well-stirred mixture leaves the tank at the same
rate. Find an expression in terms of y for the
amount of salt in the tank at any time . Also
find the limiting amount of salt in the tank as
t — 00.

. A tank originally contains 100 gal of fresh wa-
ter. Then water containing % Ib of salt per gallon
is poured into the tank at a rate of 2 gal/min, and
the mixture is allowed to leave at the same rate.
After 10 min the process is stopped, and fresh wa-
ter is poured into the tank at a rate of 2 gal/min,
with the mixture again leaving at the same rate.
Find the amount of salt in the tank at the end of an
additional 10 min.

. A tank with a capacity of 500 gal originally con-
tains 200 gal of water with 100 Ib of salt in so-
lution. Water containing 1 Ib of salt per gallon
is entering at a rate of 3 gal/min, and the mix-
ture is allowed to flow out of the tank at a rate of
2 gal/min. Find the amount of salt in the tank at any
time prior to the instant when the solution begins
to overflow. Find the concentration (in pounds per
gallon) of salt in the tank when it is on the point of
overflowing. Compare this concentration with the

theoretical limiting concentration if the tank had
infinite capacity.

. A tank contains 100 gal of water and 50 oz of salt.

Water containing a salt concentration of
%(l + % sin ¢) oz/gal flows into the tank at a rate of
2 gal/min, and the mixture in the tank flows out at
the same rate.

(a) Find the amount of salt in the tank at any time.

(b) Plot the solution for a time period long enough
so that you see the ultimate behavior of the
graph.

(¢) The long-time behavior ofthe solution is an os-
cillation about a certain constant level. What
is this level? What is the amplitude of the os-
cillation?

. Suppose that a tank containing a certain liquid has

an outlet near the bottom. Let /(¢) be the height of
the liquid surface above the outlet at time z. Tor-
ricelli’s principle states that the outflow velocity v
at the outlet is equal to the velocity of a particle
falling freely (with no drag) from the height /.

(a) Show that v = /2gh, where g is the acceler-
ation due to gravity.

(b) By equating the rate of outflow to the rate of
change of liquid in the tank, show that A(#) sat-
isfies the equation

dh
A(h)—- = —aay/2gh, (i)

where A(h) is the area of the cross section of
the tank at height 4 and « is the area of the out-
let. The constant « is a contraction coefficient
that accounts for the observed fact that the
cross section of the (smooth) outflow stream
is smaller than a. The value of « for water is
about 0.6.
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10.

(c) Consider a water tank in the form of a right
circular cylinder that is 3 m high above the
outlet. The radius of the tank is 1 m and the ra-
dius of the circular outlet is 0.1 m. If the tank
is initially full of water, determine how long it
takes to drain the tank down to the level of the
outlet.

Suppose that a sum S is invested at an annual rate
of return » compounded continuously.

(a) Find the time 7 required for the original sum
to double in value as a function of r.

(b) Determine 7 if r = 7%.

(¢) Find the return rate that must be achieved if
the initial investment is to double in 8 years.

A young person with no initial capital invests k
dollars per year at an annual rate of return r. As-
sume that investments are made continuously and
that the return is compounded continuously.

(a) Determine the sum S(f) accumulated at any
time ¢.

(b) If r = 7.5%, determine k so that $1 million
will be available for retirement in 40 years.

(¢) If k = $2,000/year, determine the return rate »
that must be obtained to have $1 million avail-
able in 40 years.

A home buyer can afford to spend no more than
$800/month on mortgage payments. Suppose that
the interest rate is 9% and that the term of the
mortgage is 20 years. Assume that interest is com-
pounded continuously and that payments are also
made continuously.

(a) Determine the maximum amount that this
buyer can afford to borrow.

(b) Determine the total interest paid during the
term of the mortgage.

A recent college graduate borrows $100,000 at an
interest rate of 9% to purchase a condominium.
Anticipating steady salary increases, the buyer
expects to make payments at a monthly rate of
800(1 + ¢/120), where ¢ is the number of months
since the loan was made.

(a) Assuming that this payment schedule can be
maintained, when will the loan be fully paid?

(b) Assuming the same payment schedule, how
large a loan could be paid off in exactly
20 years?

11.

12.

A Difference Equation. In this problem, we ap-
proach the loan problem in Example 2 from a dis-
crete viewpoint. This leads to a difference equation
rather than a differential equation.

(a) Let Sy be the initial balance of the loan, and let
S, be the balance after » months. Show that

S =0+r)Sp-1—k, n=1,2,3,...,

@
where 7 is the monthly interest rate and & is the
monthly payment. In Example 2, the annual
interest rate is 8%, so here we take » =10.08/12.

(b) Let R =1 + r, so that Eq. (i) becomes

S, =RS,_.1—k, n=1,2,3,... (ii)
Find Sy, S,, and S5.
(¢) Use an induction argument to show that
S, = RSy — X1y (iif)
n — 0 R_1

for each positive integer n.

(d) Let Sy = 20,000 and suppose that (as in Exam-
ple 2) the loan is to be paid off in 48 months.
Find the value of k and compare it with the
result of Example 2.

An important tool in archeological research is
radiocarbon dating, developed by the American
chemist Willard F. Libby. This is a means of deter-
mining the age of certain wood and plant remains,
hence of animal or human bones or artifacts found
buried at the same levels. Radiocarbon dating is
based on the fact that some wood or plant remains
contain residual amounts of carbon-14, a radioac-
tive isotope of carbon. This isotope is accumulated
during the lifetime of the plant and begins to de-
cay at its death. Since the half-life of carbon-14
is long (approximately 5730 years®), measurable
amounts of carbon-14 remain after many thou-
sands of years. If even a tiny fraction of the original
amount of carbon-14 is still present, then by ap-
propriate laboratory measurements the proportion
of the original amount of carbon-14 that remains
can be accurately determined. In other words, if
O(t) is the amount of carbon-14 at time ¢ and O
is the original amount, then the ratio O(¢)/Qy can
be determined, at least if this quantity is not too
small. Present measurement techniques permit the

2McGraw-Hill Encyclopedia of Science and Technology, 8th ed. (New York: McGraw-Hill, 1997), Vol. 5,

p. 48.
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use of this method for time periods of 50,000 years
or more.

(a) Assuming that Q satisfies the differential equa-
tion Q' = —rQ, determine the decay constant
r for carbon-14.

(b) Find an expression for Q(¢) at any time ¢, if
0(0) = Qo.

(c) Suppose that certain remains are discov-
ered in which the current residual amount
of carbon-14 is 20% of the original amount.
Determine the age of these remains.

. The population of mosquitoes in a certain area

increases at a rate proportional to the current
population, and in the absence of other fac-
tors, the population doubles each week. There
are 200,000 mosquitoes in the area initially,
and predators (birds, bats, and so forth) eat
20,000 mosquitoes/day. Determine the population
of mosquitoes in the area at any time.

Suppose that a certain population has a growth rate
that varies with time and that this population sat-
isfies the differential equation

dy (0.5 +sint)y
dt 5 '

(a) If »(0) = 1, find (or estimate) the time t
at which the population has doubled. Choose
other initial conditions and determine whether
the doubling time 7 depends on the initial pop-
ulation.

(b) Suppose that the growth rate is replaced by its
average value %. Determine the doubling time
7 in this case.

(c¢) Suppose that the term sin 7 in the differential
equation is replaced by sin2m¢; that is, the
variation in the growth rate has a substantially
higher frequency. What effect does this have
on the doubling time 7?

(d) Plot the solutions obtained in parts (a), (b), and
(c) on a single set of axes.

. Suppose that a certain population satisfies the ini-

tial value problem

d
Lty —k y0) =

dt

where the growth rate (¢) is given by
r(t) = (1 + sin £)/5, and k represents the rate of
predation.
(a) Suppose that k = % Plot y versus ¢ for several

values of y, between % and 1.
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16.

17.

18.

(b) Estimate the critical initial population y. below
which the population will become extinct.

(¢) Choose other values of k& and find the corre-
sponding y, for each one.

(d) Use the data you have found in parts (b) and
(¢) to plot y, versus k.

Newton’s law of cooling states that the tempera-
ture of an object changes at a rate proportional to
the difference between its temperature and that of
its surroundings. Suppose that the temperature of
a cup of coffee obeys Newton’s law of cooling. If
the coffee has a temperature of 200°F when freshly
poured, and 1 min later has cooled to 190°F in a
room at 70°F, determine when the coffee reaches
a temperature of 150°F.

Heat transfer from a body to its surroundings by
radiation, based on the Stefan—Boltzmann law, is
described by the differential equation

du .

7 ()
where u(?) is the absolute temperature of the body
at time 7, T is the absolute temperature of the sur-
roundings, and « is a constant depending on the
physical parameters of the body. However, if u
is much larger than 7, then solutions of Eq. (i)
are well approximated by solutions of the simpler
equation

= —a(u* —T%,

du 4

i ou”. (i1)
Suppose that a body with initial temperature
2000 K is surrounded by a medium with tempera-
ture 300K and that & = 2.0 x 10712 K~%/s.

(a) Determine the temperature of the body at any
time by solving Eq. (ii).

(b) Plot the graph of u versus ¢.

(c) Find the time t at which u(7) = 600, that is,
twice the ambient temperature. Up to this time,
the error in using Eq. (ii) to approximate the
solutions of Eq. (i) is no more than 1%.

Consider a lake of constant volume /' containing
at time # an amount Q(¢) of pollutant, evenly dis-
tributed throughout the lake with a concentration
c(t), where c(t) = Q(t)/ V. Assume that water con-
taining a concentration k of pollutant enters the
lake at a rate r, and that water leaves the lake at the
same rate. Suppose that pollutants are also added
directly to the lake at a constant rate P. Note that
the given assumptions neglect a number of fac-
tors that may, in some cases, be important—for
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example, the water added or lost by precipitation,
absorption, and evaporation; the stratifying effect
of temperature differences in a deep lake; the ten-
dency of irregularities in the coastline to produce
sheltered bays; and the fact that pollutants are not
deposited evenly throughout the lake but (usually)
at isolated points around its periphery. The results
below must be interpreted in the light of the neglect
of such factors as these.

(a) Ifattime ¢ = 0 the concentration of pollutant is
¢y, find an expression for the concentration c(#)
at any time. What is the limiting concentration
as t — oo?

(b) Ifthe addition of pollutants to the lake is termi-
nated (k=0and P =0 forz > 0), determine the
time interval 7 that must elapse before the con-
centration of pollutants is reduced to 50% of
its original value; to 10% of its original value.

(c) Table 2.2.1 contains data® for several of the
Great Lakes. Using these data, determine from
part (b) the time 7 necessary to reduce the con-
tamination of each of these lakes to 10% of the
original value.

TABLE 2.2.1 Volume and flow data for the
Great Lakes.

Lake V (km? x 10%) r (km?/yr)
Superior 12.2 65.2
Michigan 4.9 158
Erie 0.46 175
Ontario 1.6 209

19. A ball with mass 0.15 kg is thrown upward with
initial velocity 20 m/s from the roof of a building
30 m high. Neglect air resistance.

(a) Find the maximum height above the ground
that the ball reaches.

(b) Assuming that the ball misses the building on
the way down, find the time that it hits the
ground.

(c) Plot the graphs of velocity and position versus
time.

20. Assume that conditions are as in Problem 19 ex-
cept that there is a force due to air resistance of
|v|/30, where the velocity v is measured in m/s.

21.

22,

23.

(a) Find the maximum height above the ground
that the ball reaches.

(b) Find the time that the ball hits the ground.

(c¢) Plot the graphs of velocity and position versus
time. Compare these graphs with the corre-
sponding ones in Problem 19.

Assume that conditions are as in Problem 19 ex-
cept that there is a force due to air resistance
of v,/1325, where the velocity v is measured
in m/s.

(a) Find the maximum height above the ground
that the ball reaches.

(b) Find the time that the ball hits the ground.

(c) Plot the graphs of velocity and position versus
time. Compare these graphs with the corre-
sponding ones in Problems 19 and 20.

A sky diver weighing 180 b (including equip-

ment) falls vertically downward from an altitude of

5000 ft and opens the parachute after 10 s of

free fall. Assume that the force of air resistance

is 0.75]v| when the parachute is closed and 12|v|

when the parachute is open, where the velocity v

is measured in ft/s.

(a) Find the speed of the sky diver when the
parachute opens.

(b) Find the distance fallen before the parachute
opens.

(c) What is the limiting velocity v, after the
parachute opens?

(d) Determine how long the sky diver is in the air
after the parachute opens.

(e) Plot the graph of velocity versus time from the
beginning of the fall until the skydiver reaches
the ground.

A rocket sled having an initial speed of 150 mi/h is

slowed by a channel of water. Assume that, during

the braking process, the acceleration « is given by

a(v)= —uv?, where v is the velocity and p is a

constant.

(a) As in Example 4 in the text, use the relation
dv/dt = v(dv/dx) to write the equation of
motion in terms of v and x.

(b) If it requires a distance of 2000 ft to slow the
sled to 15 mi/h, determine the value of .

(¢) Find the time 7 required to slow the sled to
15 mi/h.

3This problem is based on R. H. Rainey, “Natural Displacement of Pollution from the Great Lakes,” Science
155 (1967), pp. 1242—1243; the information in the table was taken from that source.
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25.

26.

A body of constant mass m is projected vertically
upward with an initial velocity vy in a medium
offering a resistance k|v|, where k is a constant.
Neglect changes in the gravitational force.

(a) Find the maximum height x,, attained by the
body and the time ¢, at which this maximum
height is reached.

(b) Show that if kvy/mg < 1, then ¢, and x,, can
be expressed as

1k 1 [ kvo\?
=2 1__ﬂ+_<ﬂ) — )
g 2 mg 3 \mg
2 2k 1 (kvo\?
xmzv_o[l__ﬂ+_(ﬂ>_... |
2g 3mg 2 \mg

(¢) Show that the quantity kv, /mg is dimension-
less.

A body of mass m is projected vertically upward
with an initial velocity vy in a medium offer-
ing a resistance k|v|, where k is a constant. As-
sume that the gravitational attraction of the earth is
constant.

(a) Find the velocity v(f) of the body at any
time.

(b) Use the result of part (a) to calculate the limit
of v(¢) as k — 0, that is, as the resistance ap-
proaches zero. Does this result agree with the
velocity of a mass m projected upward with an
initial velocity vy in a vacuum?

(¢) Usetheresult ofpart(a)to calculate the limit of
v (t) as m — 0, that is, as the mass approaches
zero.

A body falling in a relatively dense fluid, oil for
example, is acted on by three forces (see Figure
2.2.5): aresistive force R, a buoyant force B, and

R4} 4B

"o

.

m A body falling in a dense fluid.

2.2 Modeling with First Order Equations

27.

28.

29.

65

its weight w due to gravity. The buoyant force is
equal to the weight of the fluid displaced by the
object. For a slowly moving spherical body of ra-
dius a, the resistive force is given by Stokes’s law,
R = 61 palvl|, where v is the velocity of the body,
and p is the coefficient of viscosity of the sur-
rounding fluid.

(a) Find the limiting velocity of a solid sphere
of radius a and density p falling freely in a
medium of density p’ and coefficient of vis-
cosity u.

(b) In 1910, R. A. Millikan studied the motion
of tiny droplets of oil falling in an electric
field. A field of strength £ exerts a force Ee
on a droplet with charge e. Assume that £ has
been adjusted so the droplet is held stationary
(v = 0) and that w and B are as given above.
Find an expression for e. Millikan repeated this
experiment many times, and from the data that
he gathered he was able to deduce the charge
on an electron.

A mass 0of0.25 kg is dropped from rest in a medium
offering a resistance of 0.2|v|, where v is measured
in m/s.

(a) If the mass is dropped from a height of 30 m,
find its velocity when it hits the ground.

(b) If the mass is to attain a velocity of no more
than 10 m/s, find the maximum height from
which it can be dropped.

(¢) Suppose that the resistive force is k|v|, where
v is measured in m/s and & is a constant. If
the mass is dropped from a height of 30 m
and must hit the ground with a velocity of no
more than 10 m/s, determine the coefficient of
resistance k that is required.

Suppose that a rocket is launched straight up
from the surface of the earth with initial velocity
Uy = /2gR, where R is the radius of the earth.
Neglect air resistance.

(a) Find an expression for the velocity v in terms
of the distance x from the surface of the earth.

(b) Find the time required for the rocket to go
240,000 miles (the approximate distance from
the earth to the moon). Assume that R = 4000
miles.

Let v(#) and w(?), respectively, be the horizon-
tal and vertical components of the velocity of a
batted (or thrown) baseball. In the absence of air
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resistance, v and w satisfy the equations

dv/dt =0, dw/dt = —g.

(a) Show that

UV=ucos A, w=—gt4+usini,

where u is the initial speed of the ball and 4 is
its initial angle of elevation.

(b) Letx(¢) and y(¢), respectively, be the horizontal
and vertical coordinates of the ball at time 7. If
x(0) = 0 and y(0) = A, find x(¢) and y(¢) at any
time ¢.

(c) Let g = 32 ft/s?>, u = 125 ft/s, and h = 3 ft.
Plot the trajectory of the ball for several val-
ues of the angle A4; that is, plot x(z) and y(¢)
parametrically.

(d) Suppose the outfield wall is at a distance L and
has height H. Find a relation between u and 4
that must be satisfied if the ball is to clear the
wall.

(e) Suppose that L = 350 ft and H = 10 ft. Using
the relation in part (d), find (or estimate from a
plot) the range of values of 4 that corresponds
to an initial velocity of u = 110 ft/s.

(f) For L = 350 and H = 10, find the minimum
initial velocity u and the corresponding opti-
mal angle 4 for which the ball will clear the
wall.

. A more realistic model (than that in Problem 29)

of a baseball in flight includes the effect of air re-
sistance. In this case, the equations of motion are

dv/dt = —rv, dw/dt = —g —rw,

where 7 is the coefficient of resistance.

(a) Determine v(#) and w(f) in terms of initial
speed u and initial angle of elevation 4.

(b) Find x(¢) and y(¢) if x(0) = 0 and y(0) = A.

(c) Plot the trajectory of the ball for r = %,
u = 125, h = 3, and for several values of A4.
How do the trajectories differ from those in
Problem 29 with r = 0?

(d) Assuming that r = % and /& = 3, find the min-
imum initial velocity # and the optimal angle
A for which the ball will clear a wall that is
350 ft distant and 10 ft high. Compare this
result with that in Problem 29(f).

31. Brachistochrone Problem. One of the famous

problems in the history of mathematics is the
brachistochrone* problem: to find the curve along
which a particle will slide without friction in the
minimum time from one given point P to an-
other Q, the second point being lower than the
first but not directly beneath it (see Figure 2.2.6).
This problem was posed by Johann Bernoulli in
1696 as a challenge problem to the mathemati-
cians of his day. Correct solutions were found by
Johann Bernoulli and his brother Jakob Bernoulli
and by Isaac Newton, Gottfried Leibniz, and the
Marquis de L’Hospital. The brachistochrone prob-
lem is important in the development of mathemat-
ics as one of the forerunners of the calculus of
variations.

In solving this problem, it is convenient to take
the origin as the upper point P and to orient the axes
as shown in Figure 2.2.6. The lower point O has
coordinates (xg, o). It is then possible to show that
the curve of minimum time is given by a function
y = ¢(x) that satisfies the differential equation

(14 y?)y =K, (i)

where k2 is a certain positive constant to be deter-
mined later.

P x

Qlxy, ¥p)

y

Em The brachistochrone.

(a) Solve Eq. (i) for y'. Why is it necessary to
choose the positive square root?
(b) Introduce the new variable # by the relation
y =k sin’t. (ii)
Show that the equation found in part (a) then
takes the form

2k% sin® t dt = dx. (iii)

4The word “brachistochrone” comes from the Greek words brachistos, meaning shortest, and chronos,

meaning time.
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(c) Letting 6 = 2¢t, show that the solution of (0, 0). The graph of Egs. (iv) is called a
Eq. (iii) for which x = 0 when y = 0 is cycloid.

given by (d) If we make a proper choice of the constant

x = k(6 —sin6)/2, (iv) k, then the cycloid also passes through the

y = k*(1 — cosh)/2. point (xg, o) and is the solution of the brachis-

tochrone problem. Find & if xp = 1 and

Equations (iv) are parametric equations of

y0=2.

the solution of Eq. (i) that passes through

2.3 Differences Between Linear
and Nonlinear Equations

Up to now, we have been primarily concerned with showing that first order differential
equations can be used to investigate many different kinds of problems in the natural sciences,
and with presenting methods of solving such equations if they are either linear or separable.
Now it is time to turn our attention to some more general questions about differential
equations and to explore, in more detail, some important ways in which nonlinear equations
differ from linear ones.

Existence and Uniqueness of Solutions. So far, we have discussed a number of initial value problems,

THEOREM
2.3.1

each of which had a solution and apparently only one solution. This raises the question of
whether this is true of all initial value problems for first order equations. In other words, does
every initial value problem have exactly one solution? This may be an important question
even for nonmathematicians. If you encounter an initial value problem in the course of
investigating some physical problem, you might want to know that it has a solution before
spending very much time and effort in trying to find it. Further, if you are successful in
finding one solution, you might be interested in knowing whether you should continue
a search for other possible solutions or whether you can be sure that there are no other
solutions. For linear equations, the answers to these questions are given by the following
fundamental theorem.

If the functions p and g are continuous on an open interval / = («, §) containing the
point ¢ = fy, then there exists a unique function y = ¢(¢) that satisfies the differential
equation

V' +p)y =g() (1)
for each ¢ in 7, and that also satisfies the initial condition
y(to) = yo. )

where yy is an arbitrary prescribed initial value.

Observe that Theorem 2.3.1 states that the given initial value problem /as a solution and
also that the problem has only one solution. In other words, the theorem asserts both the
existence and uniqueness of the solution of the initial value problem (1), (2). In addition,
it states that the solution exists throughout any interval / containing the initial point 7y in
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THEOREM
2.3.2

which the coefficients p and g are continuous. That is, the solution can be discontinuous or
fail to exist only at points where at least one of p and g is discontinuous. Such points can
often be identified at a glance.

The proof of this theorem is partly contained in the discussion in Section 1.2 leading to
the formula [Eq. (27) in Section 1.2]

p(t)y = f w()gt)de + c, A3)
where [Eq. (25) in Section 1.2]

wo) = exp [ pioyar. )

The derivation in Section 1.2 shows that if Eq. (1) has a solution, then it must be given by
Eq. (3). By looking a little more closely at that derivation, we can also conclude that the
differential equation (1) must indeed have a solution. Since p is continuous for ¢ < ¢t < ,
it follows that p is defined in this interval and is a nonzero differentiable function. Upon
multiplying Eq. (1) by w(#), we obtain

)yl = u(t)g(t). (5)

Since both p and g are continuous, the function pg is integrable, and Eq. (3) follows from
Eq. (5). Further, the integral of g is differentiable, so y as given by Eq. (3) exists and is
differentiable throughout the interval @ < ¢ < §. By substituting the expression for y from
Eq. (3) into either Eq. (1) or Eq. (5), you can easily verify that this expression satisfies
the differential equation throughout the interval « < ¢ < B. Finally, the initial condition (2)
determines the constant ¢ uniquely, so there is only one solution of the initial value problem,
thus completing the proof.

Equation (4) determines the integrating factor w(#) only up to a multiplicative factor that
depends on the lower limit of integration. If we choose this lower limit to be #;, then

u(t) = exp / p(s) ds. ©)

)

and it follows that (7)) = 1. Using the integrating factor given by Eq. (6), and choosing
the lower limit of integration in Eq. (3) also to be ¢y, we obtain the general solution of
Eq. (1) in the form

y = % [ /to t w(s)g(s)ds + ci| . (7

To satisfy the initial condition (2), we must choose ¢ = yy. Thus the solution of the initial
value problem (1), (2) is

y= ﬁ) [ / w(s)g(s) ds +yo} , ®)

where w(¢) is given by Eq. (6).
Turning now to nonlinear differential equations, we must replace Theorem 2.3.1 by a
more general theorem, such as the following.

Let the functions f and df/dy be continuous in some rectangle « <t < B,y <y <§
containing the point (7, yo). Then, in some interval #y) — & < t < fy + h contained in
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o <t < B, there is a unique solution y = ¢(¢) of the initial value problem

Yy = f(t ), y(to) = yo. )

Observe that the hypotheses in Theorem 2.3.2 reduce to those in Theorem 2.3.1 if the
differential equation is linear. For then f(¢, y) = —p(¢)y + g(¢) and 9f (¢, y)/dy = —p(2),
so the continuity of / and df/dy is equivalent to the continuity of p and g in this case.
The proof of Theorem 2.3.1 was comparatively simple because it could be based on the
expression (3) that gives the solution of an arbitrary linear equation. There is no corre-
sponding expression for the solution of the differential equation (9), so the proof of The-
orem 2.3.2 is much more difficult. It is discussed in more advanced books on differential
equations.

Here we note that the conditions stated in Theorem 2.3.2 are sufficient to guaran-
tee the existence of a unique solution of the initial value problem (9) in some interval
to —h <t < ty + h, but they are not necessary. That is, the conclusion remains true under
slightly weaker hypotheses about the function /. In fact, the existence of a solution (but not
its uniqueness) can be established on the basis of the continuity of f alone.

An important geometrical consequence of the uniqueness parts of Theorems 2.3.1 and
2.3.2 is that the graphs of two solutions cannot intersect each other. Otherwise, there would
be two solutions that satisfy the initial condition corresponding to the point of intersection,
in violation of Theorem 2.3.1 or 2.3.2.

We now consider some examples.

EEEN
EXAMPLE Use Theorem 2.3.1 to find an interval in which the initial value problem
1 1y + 2y = 4¢2, (10)
y(1) =2 (11)
has a unique solution.
Rewriting Eq. (10) in the standard form (1), we have
, 2
yA Ty =4,
so p(f) = 2/t and g(¢t) = 4¢. Thus, for this equation, g is continuous for all #, while p
is continuous only for # < 0 or for # > 0. The interval # > 0 contains the initial point;
consequently, Theorem 2.3.1 guarantees that the problem (10), (11) has a unique solution
on the interval 0 < ¢ < co. In Example 2 of Section 1.2, we found the solution of this initial
value problem to be
1
_ 2
y_t+t—2, t>0. (12)
Now suppose that the initial condition (11) is changed to y(—1) = 2. Then Theorem 2.3.1
asserts the existence of a unique solution for # < 0. As you can readily verify, the solution
is again given by Eq. (12), but now on the interval —oo < ¢ < 0.
EEEN
EXAMPLE Apply Theorem 2.3.2 to the initial value problem
2

dy _3x2—|—4x+2

ol el y(0) = —1. (13)
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Note that Theorem 2.3.1 is not applicable to this problem since the differential equation
is nonlinear. To apply Theorem 2.3.2, observe that

F ) 3x2 4+ 4x +2 af( ) 3x2 4+ 4x +2
X, =, —(x, — -
ST oy Y 2y — 12

Thus each of these functions is continuous everywhere except on the line y = 1. Conse-
quently, a rectangle can be drawn about the initial point (0, —1) in which both f/ and 9f/9y
are continuous. Therefore Theorem 2.3.2 guarantees that the initial value problem has a
unique solution in some interval about x = 0. However, even though the rectangle can be
stretched infinitely far in both the positive and negative x directions, this does not necessarily
mean that the solution exists for all x. Indeed, the initial value problem (13) was solved in
Example 2 of Section 2.1 and the solution exists only for x > —2.

Now suppose we change the initial condition to y(0) = 1. The initial point now lies
on the line y = 1 so no rectangle can be drawn about it within which /" and 9f/dy are
continuous. Consequently, Theorem 2.3.2 says nothing about possible solutions of this
modified problem. However, if we separate the variables and integrate, as in Section 2.1,
we find that y2 . 2y _ x3 + 2x2 +2x +c.

Further, if x = 0 and y = 1, then ¢ = —1. Finally, by solving for y, we obtain
y=1x+/x34+2x% 4 2x. (14)

Equation (14) provides two functions that satisfy the given differential equation for
x > 0 and also satisfy the initial condition y(0) = 1. Thus the initial value problem consisting
of the differential equation (13) with the initial condition y(0) = 1 does not have a unique
solution. The two solutions are shown in Figure 2.3.1.

y=1+\x3+2x2 + 2x

L y=1-\x3+2x° + 2x

IEEVTFFEEN  Nonunique solutions of the differential equation (13) with the initial
condition y(0) = 1.

EEEN
EXAMPLE
3

Consider the initial value problem
y=y" y0)=0 (15)

for # > 0. Apply Theorem 2.3.2 to this initial value problem and then solve the problem.
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The function f(z, y) = y'/? is continuous everywhere, but 3//dy does not exist when
v =0, and hence is not continuous there. Thus Theorem 2.3.2 does not apply to this problem
and no conclusion can be drawn from it. However, by the remark following Theorem 2.3.2,
the continuity of /" does guarantee the existence of solutions, but not their uniqueness.

To understand the situation more clearly, we must actually solve the problem, which is
easy to do since the differential equation is separable. Thus we have

y Y3y = dt,
SO
3y =t+c
and 3
y = [%(t +c)] .

The initial condition is satisfied if ¢ = 0, so

y=¢ity=(3)"7,  t=0 (16)

satisfies both of Egs. (15). On the other hand, the function
y=bmn=-(30)", >0 (17)
is also a solution of the initial value problem. Moreover the function
y=v@@)=0 =0 (18)

is yet another solution. Indeed, it is not hard to show that, for an arbitrary positive 7y, the
functions
if0 <t <1,

0,
yzmmz{ (19)

+[3¢ —to)]3/2, ifr > 1,

are continuous, differentiable (in particular at ¢ = ¢;), and are solutions of the initial value
problem (15). Hence this problem has an infinite family of solutions; see Figure 2.3.2, where
a few of these solutions are shown.

IEENIFPERA  Several solutions of the initial value problem y' = y!/3,1(0) = 0.
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As already noted, the nonuniqueness of the solutions of the problem (15) does not
contradict the existence and uniqueness theorem, since the theorem is not applicable if the
initial point lies on the #-axis. If (#y, y¢) is any point not on the #-axis, however, then the
theorem guarantees that there is a unique solution of the differential equation y’ = y!/?
passing through (7o, yo).

Interval of Definition. According to Theorem 2.3.1, the solution of a linear equation (1),

Y+ p(t)y = g(),

subject to the initial condition y(#y) = vy, exists throughout any interval about ¢ = ¢, in which
the functions p and g are continuous. Thus vertical asymptotes or other discontinuities in
the solution can occur only at points of discontinuity of p or g. For instance, the solutions
in Example 1 (with one exception) are asymptotic to the y-axis, corresponding to the
discontinuity at # = 0 in the coefficient p(¢) = 2/, but none of the solutions has any other
point where it fails to exist and to be differentiable. The one exceptional solution shows
that solutions may sometimes remain continuous even at points of discontinuity of the
coefficients.

On the other hand, for a nonlinear initial value problem satisfying the hypotheses of
Theorem 2.3.2, the interval in which a solution exists may be difficult to determine. The
solution y = ¢(¥) is certain to exist as long as the point [#, ¢(#)] remains within a region in
which the hypotheses of Theorem 2.3.2 are satisfied. This is what determines the value of /
in that theorem. However, since ¢(7) is usually not known, it may be impossible to locate the
point [¢, ¢()] with respect to this region. In any case, the interval in which a solution exists
may have no simple relationship to the function /" in the differential equation y' = f(z, y).
This is illustrated by the following example.

HEEEN
EXAMPLE
4

Solve the initial value problem
Y=y 0=l (20)

and determine the interval in which the solution exists.

Theorem 2.3.2 guarantees that this problem has a unique solution since (¢, y) = y* and
af/dy = 2y are continuous everywhere. However Theorem 2.3.2 does not give an interval
in which the solution exists, and it would be a mistake to conclude that the solution exists
for all 7.

To find the solution, we separate the variables and integrate, with the result that

y2dy = dt (21)
and 1
-y =t+c.
Then, solving for y, we have |
= — . (22)
Y t+c
To satisfy the initial condition, we must choose ¢ = —1, so
1
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is the solution of the given initial value problem. Clearly, the solution becomes unbounded as
t — 1; therefore, the solution exists only in the interval —oo < ¢ < 1. There is no indication
from the differential equation itself, however, that the point # = 1 is in any way remarkable.
Moreover, if the initial condition is replaced by

¥(0) = yo, (24)
then the constant ¢ in Eq. (22) must be chosen to be ¢ = —1/yy, and it follows that
Yo
= 25
i p—— (25)

is the solution of the initial value problem with the initial condition (24). Observe that the
solution (25) becomes unbounded as t — 1/yy, so the interval of existence of the solution
is—oo <t < 1/yyifyg>0,andis 1/yy <t < oo ifyy < 0. Figure 2.3.3 shows the solution
for yy > 0. This example illustrates another feature of initial value problems for nonlinear
equations; namely, the singularities of the solution may depend in an essential way on the
initial conditions as well as on the differential equation.

Yo
5

! -0.5 0.5 1f yot

Em The solution (25) of the initial value problem y’ = 32, y(0) = yo > 0.

Note that we plot y/y versus yyt; thus the vertical asymptote is at yot = 1.

General Solution. Another way in which linear and nonlinear equations differ concerns the concept of a
general solution. For a first order linear equation it is possible to obtain a solution containing
one arbitrary constant, from which all possible solutions follow by specifying values for
this constant. For nonlinear equations this may not be the case; even though a solution
containing an arbitrary constant may be found, there may be other solutions that cannot be
obtained by giving values to this constant. For instance, for the differential equation ' = y?
in Example 4, the expression in Eq. (22) contains an arbitrary constant, but does not include
all solutions of the differential equation. To show this, observe that the function y = 0
for all ¢ is certainly a solution of the differential equation, but it cannot be obtained from
Eq. (22) by assigning a value to c. In this example, we might anticipate that something of
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this sort might happen because, to rewrite the original differential equation in the form (21),
we must require that y is not zero. However the existence of “additional” solutions is not
uncommon for nonlinear equations; a less obvious example is given in Problem 22. Thus
we will use the term “general solution” only when discussing linear equations.

Implicit Solutions. Recall again that, for an initial value problem for a first order linear equation, Eq. (8)

provides an explicit formula for the solution y = ¢(¢). As long as the necessary antiderivatives
can be found, the value of the solution at any point can be determined merely by substituting
the appropriate value of ¢ into the equation. The situation for nonlinear equations is much
less satisfactory. Usually, the best that we can hope for is to find an equation

F(t,y)=0 (26)

involving ¢ and y that is satisfied by the solution y = ¢(¢). Even this can be done only
for differential equations of certain particular types, of which separable equations are the
most important. The equation (26) is called an integral, or first integral, of the differential
equation, and (as we have already noted) its graph is an integral curve, or perhaps a family
of integral curves. Equation (26), assuming it can be found, defines the solution implicitly;
that is, for each value of # we must solve Eq. (26) to find the corresponding value of y.
If Eq. (26) is simple enough, it may be possible to solve it for y by analytical means and
thereby obtain an explicit formula for the solution. However more frequently this will not
be possible, and you will have to resort to a numerical calculation to determine the value
of y for a given value of 7. Once several pairs of values of ¢ and y have been calculated, it is
often helpful to plot them and then to sketch the integral curve that passes through them.
You should arrange for a computer to do this for you, if possible.

Examples 2, 3, and 4 are nonlinear problems in which it is easy to solve for an explicit
formula for the solution y = ¢(#). On the other hand, Examples 1 and 3 in Section 2.1 are
cases in which it is better to leave the solution in implicit form, and to use numerical means
to evaluate it for particular values of the independent variable. The latter situation is more
typical; unless the implicit relation is quadratic in y, or has some other particularly simple
form, it is unlikely that it can be solved exactly by analytical methods. Indeed, more often
than not, it is impossible even to find an implicit expression for the solution of a first order
nonlinear equation.

Graphical or Numerical Construction of Integral Curves. Because of the difficulty in obtaining ex-

Summary.

act analytical solutions of nonlinear differential equations, methods that yield approximate
solutions or other qualitative information about solutions are of correspondingly greater im-
portance. We have already described, in Section 1.1, how the direction field of a differential
equation can be constructed. The direction field can often show the qualitative form of so-
lutions and can also be helpful in identifying regions of the #y-plane where solutions exhibit
interesting features that merit more detailed analytical or numerical investigation. Graphical
methods for first order equations are discussed further in Section 2.4. An introduction to
numerical approximation methods for first order equations was given in Section 1.3, and a
more systematic discussion of numerical methods appears in Sections 2.6 and 2.7. However
it is not necessary to study the numerical algorithms themselves in order to use effectively
one of the many software packages that generate and plot numerical approximations to
solutions of initial value problems.

The linear equation " + p(t)y = g(¢) has several nice properties that can be summarized
in the following statements:

1. Assuming that the coefficients are continuous, there is a general solution, contain-
ing an arbitrary constant, that includes all solutions of the differential equation.
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A particular solution that satisfies a given initial condition can be picked out by
choosing the proper value for the arbitrary constant.

2. There is an expression for the solution, namely, Eq. (7) or Eq. (8). Moreover, although
it involves two integrations, the expression is an explicit one for the solution y = ¢(¢)
rather than an equation that defines ¢ implicitly.

3. The possible points of discontinuity, or singularities, of the solution can be identified
(without solving the problem) merely by finding the points of discontinuity of the
coefficients. If the coefficients are continuous for all ¢, then the solution not only
exists and is continuous for all 7, but it is also continuously differentiable for all 7.

None of these statements is true, in general, of nonlinear equations. Although a nonlinear
equation may well have a solution involving an arbitrary constant, there may also be other
solutions. There is no general formula for solutions of nonlinear equations. If you are able
to integrate a nonlinear equation, you are likely to obtain an equation defining solutions
implicitly rather than explicitly. Finally, the singularities of solutions of nonlinear equations
can usually be found only by solving the equation and examining the solution. It is likely
that the singularities will depend on the initial condition as well as the differential equation.

PROBLEMS

In each of Problems 1 through 6, determine (without
solving the problem) an interval in which the solu-
tion of the given initial value problem is certain to
exist.

1. (t =3)y" + (Int)y = 2t, y()y=2
2. t(t —4)y +y =0, y(2)=1

3. Y/ 4 (tant)y = sint, y(@)=0

4. (4 =1y + 2ty =312, (=3)=1
5. (4 — 12y + 2ty =3¢, y(1) = -3
6. (Int)y’ + y = cott, y2)=3

In each of Problems 7 through 12, state where in the
ty-plane the hypotheses of Theorem 2.3.2 are satisfied.

;_ I—=y
= 2t + 5y
s. y/=(1 _t2_y2)1/2
, o Injey]
SV ETTae
10. y/=(t2 +y2)3/2
n @ 1+
dt 3y —y?
1. d_y _ (cott)y
dt l+y

In each of Problems 13 through 16, solve the given
initial value problem and determine how the inter-
val in which the solution exists depends on the initial
value yyg.

13. y' = —4t/y, (0) = yo

14. y' = 2ty?,
15. '+ =0, »(0)=yo

16. y'=/y(1+1),  »(0) =y

In each of Problems 17 through 20, draw a direction
field and plot (or sketch) several solutions of the given
differential equation. Describe how solutions appear to
behave as ¢ increases and how their behavior depends
on the initial value yy when ¢ = 0.

17. y'=1ty3 —y)

18. y'=yB —1y)

19. y' = —y(Q3 —1ty)

2.y =t —1—y?

21. Consider the initial value problem ) = y!/3,
¥(0) = 0 from Example 3 in the text.

»(0) = yo

(a) Isthere a solution that passes through the point
(1, 1)? If so, find it.

(b) Is there a solution that passes through the point
(2, 1)? If so, find it.

(¢) Consider all possible solutions of the given ini-
tial value problem. Determine the set of values
that these solutions have at f = 2.

22. (a) Verify thatbothy(f)=1—tand y,(t) = —1*/4

are solutions of the initial value problem

e Gt
y =

5 .y =-1

Where are these solutions valid?
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(b) Explain why the existence of two solutions
of the given problem does not contradict the
uniqueness part of Theorem 2.3.2.

(c) Show that y = ct + ¢?, where c is an arbitrary
constant, satisfies the differential equation in
part (a) forr > —2¢. If c = —1, the initial con-
dition is also satisfied, and the solutiony =y, (¢)
is obtained. Show that there is no choice of ¢
that gives the second solution y = y,(?).

23. (a) Show that ¢(¢) = €* is a solution of
y' —2y =0 and that y = c¢(z) is also a
solution of this equation for any value of the
constant c.
(b) Show that ¢(t) =1/t is a solution of
Y +y?> =0 for t > 0 but that y = ce(¢) is
not a solution of this equation unless ¢ = 0
or ¢ = 1. Note that the equation of part (b) is
nonlinear, whereas that of part (a) is linear.
24. Show that if y = ¢ () is a solution of
¥ + p(t)y = 0, then y = c¢(?) is also a solution
for any value of the constant c.
25. Lety = y(¢) be a solution of

Y +pt)y =0, (i)
and let y = y,(#) be a solution of
V' + pt)y = g(t). (i)

Show that y = y;(f) + »»(?) is also a solution of
Eq. (ii).
26. (a) Show that the solution (7) of the general linear
equation (1) can be written in the form

y = an(t) + y2(0), (1)

where ¢ is an arbitrary constant. Identify the
functions y; and y;.

(b) Show that y; is a solution of the differential

equation , .
y +p@)y =0, (i)
corresponding to g(¢) = 0.

(c) Show that y, is a solution of the full linear
equation (1). We see later (e.g., in Section 4.5)
that solutions of higher order linear equations
have a pattern similar to Eq. (i).

Bernoulli Equations. Sometimes it is possible to solve
anonlinear equation by making a change of the depen-
dent variable that converts it into a linear equation. The
most important such equation has the form

Y+ p)y =q@)y",

and is called a Bernoulli equation after Jakob Bernoulli.
Problems 27 through 31 deal with equations of this

type.

27. (a) Solve Bernoulli’s equation when n = 0; when
n=1.
(b) Show that if n # 0, 1, then the substitution
v = y'™” reduces Bernoulli’s equation to a
linear equation. This method of solution was
found by Leibniz in 1696.

In each of Problems 28 through 31, the given equation
is a Bernoulli equation. In each case, solve it by using
the substitution mentioned in Problem 27(b).

28. 12y 4+ 2ty — 3 =0, t>0
29. y' =ry —ky?, r > 0 and k > 0. This equation is

important in population dynamics and is discussed
in detail in Section 2.4.

30. ) =€y —0y?, € >0and o > 0. This equation
occurs in the study of the stability of fluid flow.
31. dy/dt = (T cost + T)y — y*, where I and T are
constants. This equation also occurs in the study
of the stability of fluid flow.
Discontinuous Coefficients. Linear differential equa-
tions sometimes occur in which one or both of the func-
tions p and g have jump discontinuities. If #, is such a
point of discontinuity, then it is necessary to solve the
equation separately for ¢t < 7y and ¢t > 7. Afterward,
the two solutions are matched so that y is continuous at
to. This is accomplished by a proper choice of the arbi-
trary constants. The following two problems illustrate
this situation. Note in each case that it is impossible
also to make y’ continuous at 7.

32. Solve the initial value problem

V+2y=g), »0)=0,
where
I, 0<tr<l,
glt) =
0, t>1.
33. Solve the initial value problem
V+pty =0, y0)=1,
where
9 0 S S 17
pt) =
1, t>1.

34. Consider the initial value problem

Y+ p(t)y = g(), y(to) = yo. @)
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(a) Show that the solution of the initial value prob- (b) Assume that p(t) > py > 0 for all # > #, and
lem (i) can be written in the form that g(#) is bounded for # > ¢, (i.e., there is a
‘ constant M such that |g(7)| < M forallz > ty).
Y = Yoexp ( - / p(s)ds ) Show that the solution of the initial value prob-
‘ oo lem (i) is bounded for ¢ > 1.
+ / exp ( — / p(r) dr) ga(s)ds. (c¢) Construct an example with nonconstant p(f)
fo s and g(¢) that illustrates this result.

2.4 Autonomous Equations
and Population Dynamics

An important class of first order equations are those in which the independent variable does
not appear explicitly. Such equations are called autonomous and have the form

dy/dt = f(y). (1)

We will discuss these equations in the context of the growth or decline of the population
of a given species, an important issue in fields ranging from medicine to ecology to global
economics. A number of other applications are mentioned in some of the problems. Recall
that in Section 1.1 we considered the special case of Eq. (1) in which the form of the right
sideis f(y) =ay + b.

Equation (1) is separable, so the discussion in Section 2.1 is applicable to it, but the
main purpose of this section is to show how geometrical methods can be used to obtain
important qualitative information about solutions directly from the differential equation,
without solving the equation. Of fundamental importance in this effort are the concepts of
stability and instability of solutions of differential equations. These ideas were introduced
informally in Chapter 1. They are discussed further here and will be examined in greater
depth and in a more general setting in Chapters 3 and 7.

Exponential Growth. Lety = ¢(7) be the population of the given species at time 7. The simplest hypothesis
concerning the variation of population is that the rate of change of y is proportional to the
current value of y. For example, if the population doubles, then the number of births in a
given time period should also double. Thus we have

dy/dt =ry, 2)

where the constant of proportionality 7 is called the rate of growth or decline, depending on
whether it is positive or negative. Here, we assume that » > 0, so the population is growing.
Solving Eq. (2) subject to the initial condition

y(0) = yo, 3)

we obtain — )
Thus the mathematical model consisting of the initial value problem (2), (3) with » > 0
predicts that the population will grow exponentially for all time, as shown in Figure 2.4.1
for several values of yy. Under ideal conditions, Eq. (4) has been observed to be reasonably
accurate for many populations, at least for limited periods of time. However it is clear
that such ideal conditions cannot continue indefinitely; eventually, limitations on space,
food supply, or other resources will reduce the growth rate and bring an end to uninhibited
exponential growth.
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FHLelbI =T Exponential growth: y versus 7 for dy/dt = ry.

Logistic Growth. To take account of the fact that the growth rate actually depends on the population, we

replace the constant 7 in Eq. (2) by a function /(y) and thereby obtain the modified equation

dy/dt = h(y)y. )

We now want to choose 4(y) so that 4(y) = r > 0 when y is small, 4(y) decreases as
vy grows larger, and /(y) < 0 when y is sufficiently large. The simplest function that has
these properties is 4(y) = » — ay, where a is also a positive constant. Using this function in
Eq. (5), we obtain

dy/dt = (r —ay)y. (6)

Equation (6) is known as the Verhulst equation or the logistic equation. It is often convenient
to write the logistic equation in the equivalent form

dy Yy
Z —r(1 - _) , 7

ar ( k)? @
where K = r/a. The constant r is called the intrinsic growth rate, that is, the growth rate

in the absence of any limiting factors. The interpretation of K will become clear shortly.
Before proceeding to investigate the solutions of Eq. (7), let us look at a specific example.

EEEN
EXAMPLE
1

Consider the differential equation

dy y
= (1=3)» ®
Without solving the equation, determine the qualitative behavior of its solutions and sketch
the graphs of a representative sample of them.

We will follow, more or less, the lines of our approach in Section 1.1. We could begin
by drawing a direction field, but we will not do this because we want to show how to sketch
solution curves without computer assistance. Recall from Section 1.1 that constant solutions
are of particular importance. For such a solution, dy/dt = 0 for all ¢, so any constant solution
of Eq. (8) must satisfy the algebraic equation

(1-3)r=0
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Thus the constant solutions are y = ¢ (f) = 0 and y = ¢,(f) = 3. These solutions are called
equilibrium solutions of Eq. (8) because they correspond to no change or variation in
the value of y as ¢ increases. Equilibrium solutions are also often referred to as critical
points.

To visualize other solutions of Eq. (8) and to sketch their graphs quickly, we can proceed
in the following way. Let f(y) = (1 — y/3)y and draw the graph of f(y) versus y. Since f
is a quadratic function, its graph is a parabola, opening downward, and with intercepts on
the y-axis at y = 0 and y = 3. The graph is shown in Figure 2.4.2. Remember that f(y)
represents the slope of a line tangent to the graph of the solution passing through a point
(t, yo) in the fy-plane.

)
0.8

0.6 —
04

0.2 —

04

-0.6—

IEEVEEY A Graph of /() = (1 — y/3)y versus .

To draw a sketch of solutions of Eq. (8), the first step is to draw the equilibrium solu-
tions y = ¢1(¢) = 0 and y = ¢,(¢) = 3; see Figure 2.4.3. Then from Figure 2.4.2 note that
f(r) > 0for 0 <y < 3. Thus in the #y-plane solutions are increasing (have a positive slope)
for 0 < y < 3. A few of these solutions are shown in Figure 2.4.3. These solution curves
flatten out near y = 0 and y = 3 because, from Figure 2.4.2, their slopes, given by f(»), are
near zero there. The slopes reach a maximum at y = %, the vertex of the parabola. Observe
also that /() or dy/dt is increasing for y < 3 and decreasing for y > 3. This means that the
graphs of y versus ¢ are concave up for y < % and concave down for y > % In other words,
solution curves have an inflection point as they cross the line y = %

For y > 3 you can see from Figure 2.4.2 that f(y), or dy/dt, is negative and decreasing.
Therefore the graphs of y versus ¢ for this range of y are decreasing and concave up. They
also become flatter as they approach the equilibrium solution y = 3. Some of these graphs
are also shown in Figure 2.4.3.

None of the other solutions can intersect the equilibrium solutions y = 0 and y = 3 at
a finite time. If they did, they would violate the uniqueness part of Theorem 2.3.2, which
states that only one solution can pass through any given point in the #y-plane.

Finally, although we have drawn Figures 2.4.2 and 2.4.3 with a computer, it is important
to understand that very similar qualitatively correct sketches can be drawn by hand, without
any computer assistance, by following the steps described in this example.
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FLElC =TI Graphs of solutions of Eq. (8): ' = (1 — y/3)y.

We now return to a consideration of the more general Eq. (7),

ay _ (1 _ 1) ’
dt K/
where r and K are positive constants. We can proceed, just as in Example 1, to draw a
qualitatively correct sketch of solutions of this equation.

To find the equilibrium solutions, we set dy/dt equal to zero and solve the resulting

algebraic equation y
r (l - E) y=0.

Thus, for Eq. (7), the equilibrium solutions are y = ¢(¢) = 0 and y = ¢,(¢) = K.

Next we draw the graph of f(y) versus y. In the case of Eq. (7), f(y) = r(1 — y/K)y,
so the graph is the parabola shown in Figure 2.4.4. The intercepts are (0, 0) and (K, 0),
corresponding to the critical points of Eq. (7), and the vertex of the parabola is (K /2, rK /4).
Observe that dy/dt > 0 for 0 < y < K [since dy/dt = f(v)]; therefore y is an increasing
function of # when y is in this interval. This is indicated by the rightward-pointing arrows
near the y-axis in Figure 2.4.4. Similarly, if y > K, then dy/dt < 0; hence y is decreasing,
as indicated by the leftward-pointing arrow in Figure 2.4.4.

()
rK/4 |-

(K/2, rK/4)

FLElCI=I TR f(p) versus y for dy/dt =r(1 — y/K)y.
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GNP Logistic growth: dy/dt = (1 — y/K) . (a) The phase line. (b) Plots of

Y versus f.

In this context, the y-axis is often called the phase line, and it is reproduced in its more
customary vertical orientation in Figure 2.4.5a. The dots at y = 0 and y = K are the critical
points, or equilibrium solutions. The arrows again indicate that y is increasing whenever
0 <y < K and that y is decreasing whenever y > K.

Further, from Figure 2.4.4, note that if y is near zero or K, then the slope f(v) is near
zero, so the solution curves are relatively flat. They become steeper as the value of y leaves
the neighborhood of zero or K.

To sketch the graphs of solutions of Eq. (7) in the #y-plane, we start with the equilibrium
solutions y = 0 and y = K then we draw other curves that are increasing when 0 < y < K,
decreasing when y > K, and flatten out as y approaches either of the values 0 or K. Thus
the graphs of solutions of Eq. (7) must have the general shape shown in Figure 2.4.5b,
regardless of the values of » and K.

As in Example 1, the concavity of a solution curve changes as it passes through the value
v = K/2 corresponding to the vertex of the parabola in Figure 2.4.4. Thus each solution
curve has an inflection point when y = K /2. Further, Figure 2.4.56 may seem to show
that other solutions intersect the equilibrium solution y = K, but this is impossible by the
uniqueness part of Theorem 2.3.2. Thus, although other solutions may be asymptotic to the
equilibrium solution as t — 0o, they cannot intersect it at any finite time.

Finally, observe that K is the upper bound that is approached, but not exceeded, by growing
populations starting below this value. Thus it is natural to refer to K as the saturation level,
or the environmental carrying capacity, for the given species.

A comparison of Figures 2.4.1 and 2.4.5b reveals that solutions of the nonlinear equation
(7) are strikingly different from those of the linear equation (1), at least for large values
of t. Regardless of the value of K, that is, no matter how small the nonlinear term in
Eq. (7), solutions of that equation approach a finite value as # — oo, whereas solutions of
Eq. (1) grow (exponentially) without bound as # — oco. Thus even a tiny nonlinear term in
the differential equation has a decisive effect on the solution for large 7.

The same methods can be applied to the general autonomous equation (1),

dy/dt = f(y).

The equilibrium solutions of this equation can be found by locating the roots of f(y) = 0.
The zeros of f(y) are also called critical points.
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Suppose that y = y; is an equilibrium solution, or critical point, of this equation; that is,
f (1) = 0. Suppose further that f’(y;) > 0. Then f(y) < 0 for values of y just below y; and
f(v) > 0 for values of y just above y;. In other words, if y is close to y;, then dy/dt < 0 for
y <y anddy/dt > 0 for y > y;. This means that solutions below the equilibrium solution
y =y are decreasing and those that are above it are increasing. Thus all solutions in the
neighborhood of the equilibrium solution are moving away from it. For example, this is the
situation at y = 0 for the logistic equation (7). On the other hand, if y = y, is a critical point,
andif f"(y1) < 0, then the situation is reversed. In this case, solutions above the equilibrium
solution are decreasing, and those that are below it are increasing. Thus all nearby solutions
are approaching the equilibrium solution. This is illustrated by the critical point y = K for
Eq. (7).

To carry the investigation one step further, we can determine the concavity of the solu-
tion curves and the location of inflection points by finding d?y/dt?. From the differential
equation (1), we obtain (using the chain rule)

d’y ddy d AN

== S0 =S5 = S0 ©)
The graph of y versus ¢ is concave up when y” > 0, that is, when /" and /” have the same
sign. Similarly, it is concave down when y” < 0, which occurs when f and f” have opposite
signs. The signs of f and f” can be easily identified from the graph of /(') versus y. Inflection
points may occur when f”(y) = 0.

In many situations, it is sufficient to have the qualitative information about a solution
y = ¢(t) of Eq. (7) that is shown in Figure 2.4.5b. This information was obtained entirely
from the graph of /() versus y, and without solving the differential equation (7). However,
if we wish to have a more detailed description of logistic growth—for example, if we wish
to know the value of the population at some particular time—then we must solve Eq. (7)
subject to the initial condition (3). Provided that y 7 0 and y # K, we can write Eq. (7) in
the form dy

(I=y/K)y
Using a partial fraction expansion on the left side, we have
1 1/K
(— + /7) dy =rdt.
y 1=y/K
Then, by integrating both sides, we obtain

=rdt.

ln|y|—ln‘l—%’=rt+c, (10)

where c is an arbitrary constant of integration to be determined from the initial condition
¥(0) = yo. We have already noted that if 0 < yy < K, then y remains in this interval for all
time. Thus in this case we can remove the absolute value bars in Eq. (10), and by taking the
exponential of both sides, we find that

Yy rt
—— =Cé", 11
1= /K e (11)
where C = ¢e°. In order to satisfy the initial condition y(0) = y;, we must choose
C = yo/[1 — (»9/K)]. Using this value for C in Eq. (11) and solving for y, we obtain
y= WK
Yo+ (K — yo)e™

We have derived the solution (12) under the assumption that 0 < yy < K. If yy > K,
then the details of dealing with Eq. (10) are only slightly different, and we leave it to you

(12)
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to show that Eq. (12) is also valid in this case. Finally, note that Eq. (12) also contains
the equilibrium solutions y = ¢(¢) = 0 and y = ¢»(¢) = K corresponding to the initial
conditions yy = 0 and yy = K, respectively.

All the qualitative conclusions that we reached earlier by geometrical reasoning can be
confirmed by examining the solution (12). In particular, if yy = 0, then Eq. (12) requires
that y(f) = 0 for all «. If yy > 0, and if we let t — oo in Eq. (12), then we obtain

lim y(¢) = yoK/yo = K.
—00

Thus, for each yy > 0, the solution approaches the equilibrium solution y = ¢,(¢) = K
asymptotically as 1 — oco. Therefore the constant solution ¢,(f) = K is said to be an
asymptotically stable solution of Eq. (7) and the point y = K is said to be an asymptotically
stable equilibrium or critical point. After a long time, the population is close to the saturation
level K regardless of the initial population size, as long as it is positive. Other solutions
approach the equilibrium solution more rapidly as 7 increases.

On the other hand, the situation for the equilibrium solution y = ¢;(¢) = 0 is quite
different. Even solutions that start very near zero grow as ¢ increases and, as we have seen,
approach K as t — oo. The solution ¢;(¢) = 0 is said to be an unstable equilibrium
solution and y = 0 is an unstable equilibrium or critical point. This means that the only way
to guarantee that the solution remains near zero is to make sure its initial value is exactly
equal to zero.

More generally, if y = y) is an equilibrium solution of Eq. (1), then it is asymptotically
stable if /’(y;) < 0 and unstable if f'(y;) > 0.

AEEEN
EXAMPLE
2

The logistic model has been applied to the natural growth of the halibut population in certain
areas of the Pacific Ocean.’ Let y, measured in kilograms, be the total mass, or biomass,
of the halibut population at time ¢. The parameters in the logistic equation are estimated to
have the values » = 0.71/yr and K = 80.5 x 10° kg. If the initial biomass is yy = 0.25K,
find the biomass 2 years later. Also find the time t for which y(7) = 0.75K.

It is convenient to scale the solution (12) to the carrying capacity K; thus we write
Eq. (12) in the form

Y o_ /K

K~ Go/K)+ - (o/K)le

(13)

Using the data given in the problem, we find that

y2) 0.25 ~ 05797
K = 02540.75¢" 142 — 7 ’

Consequently, y(2) = 46.7 x 10° kg.
To find T we can first solve Eq. (13) for . We obtain

ot = W/ Bl = /K]
/KL = (o/K)]

3 A good source of information on the population dynamics and economics involved in making efficient use
of a renewable resource, with particular emphasis on fisheries, is the book by Clark listed in the references
at the end of the book. The parameter values used here are given on page 53 of this book and were obtained
from a study by H. S. Mohring.
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hence,
L Ou/B = 0/K))
ro (/K = (/K]
Using the given values of » and y/K and setting y/K = 0.75, we find that

1 (0.25)(0.25)
T=——1In =

1
0.71  (0.75)(0.75)  0.71

[ =

(14)

In9 = 3.095 years.

The graphs of y/K versus ¢ for the given parameter values and for several initial conditions
are shown in Figure 2.4.6.

y/K
1.75

1.50
1.25
1.00
0.75
0.50
0.25

FLElCI=AT N y/K versus ¢ for population model of halibut in the Pacific Ocean.

A Critical Threshold. We now turn to a consideration of the equation

where r and 7 are given positive constants. Observe that (except for replacing the parameter
K by T') this equation differs from the logistic equation (7) only in the presence of the minus
sign on the right side. However, as we will see, the solutions of Eq. (15) behave very
differently from those of Eq. (7).

For Eq. (15), the graph of f(y) versus y is the parabola shown in Figure 2.4.7. The
intercepts on the y-axis are the critical points y = 0 and y = T, corresponding to the
equilibrium solutions ¢(#) =0 and ¢,(t) = 7. If 0 < y < T, then dy/dt <0, and y
decreases as ¢ increases. On the other hand, if y > T, then dy/dt > 0, and y grows as ¢
increases. Thus ¢ (¢) = 0 is an asymptotically stable equilibrium solution and ¢,(¢) = T is
an unstable one. Further, f'(y) is negative for 0 < y < T'/2 and positive for 7/2 < y < T,
so the graph of y versus # is concave up and concave down, respectively, in these intervals.
Also, f'(y) is positive for y > T, so the graph of y versus ¢ is also concave up there.

Figure 2.4.8a shows the phase line (the y-axis) for Eq. (15). The dots at y = 0 and
y = T are the critical points, or equilibrium solutions, and the arrows indicate where
solutions are either increasing or decreasing.
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S SPAVA f(v) versus y for dy/dt = —r(1 — y/T)y.
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T/2

(a) (b)

Flelfl= AR Growth with a threshold: dy/dt = —r (1 — y/T)y. (a) The phase line.
(b) Plots of y versus ¢.

Solution curves of Eq. (15) can now be sketched quickly. First draw the equilibrium
solutions y = 0 and y = T. Then sketch curves in the strip 0 < y < T that are decreasing
as ¢ increases and change concavity as they cross the line y = 7'/2. Next draw some curves
above y = T that increase more and more steeply as ¢ and y increase. Make sure that all
curves become flatter as y approaches either zero or 7. The result is Figure 2.4.85, which is
a qualitatively accurate sketch of solutions of Eq. (15) for any  and 7. From this figure, it
appears that as time increases, y either approaches zero or grows without bound, depending
on whether the initial value yj is less than or greater than 7. Thus 7 is a threshold level,
below which growth does not occur.

We can confirm the conclusions that we have reached through geometrical reasoning
by solving the differential equation (15). This can be done by separating the variables and
integrating, just as we did for Eq. (7). However, if we note that Eq. (15) can be obtained
from Eq. (7) by replacing K by 7 and r by —r, then we can make the same substitutions in
the solution (12) and thereby obtain

)= »T
Yo+ (T = yo)ert’
which is the solution of Eq. (15) subject to the initial condition y(0) = yy.

(16)
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If0 < yp < T, then it follows from Eq. (16) that y — 0 as t — oo. This agrees with our
qualitative geometric analysis. If yy > 7', then the denominator on the right side of Eq. (16)
is zero for a certain finite value of #. We denote this value by #* and calculate it from

Yo = (o —T)" =0,
which gives 1

t"=-1In Y0 .
r yw—T

)

Thus, if the initial population yy is above the threshold 7, the threshold model predicts that
the graph of y versus ¢ has a vertical asymptote at = ¢*. In other words, the population
becomes unbounded in a finite time, whose value depends on yy, 7, and r. The existence
and location of this asymptote were not apparent from the geometric analysis, so, in this
case, the explicit solution yields additional important qualitative, as well as quantitative,
information.

The populations of some species exhibit the threshold phenomenon. Iftoo few are present,
then the species cannot propagate itself successfully and the population becomes extinct.
However, if a population larger than the threshold level can be brought together, then further
growth occurs. Of course, the population cannot become unbounded, so eventually Eq. (15)
must be modified to take this into account.

Critical thresholds also occur in other circumstances. For example, in fluid mechanics,
equations of the form (7) or (15) often govern the evolution of a small disturbance y in a
laminar (or smooth) fluid flow. For instance, if Eq. (15) holds and y < 7', then the disturbance
is damped out and the laminar flow persists. However, if y > T, then the disturbance grows
larger and the laminar flow breaks up into a turbulent one. In this case, T is referred to as the
critical amplitude. Experimenters speak of keeping the disturbance level in a wind tunnel
sufficiently low so they can study laminar flow over an airfoil, for example.

Logistic Growth with a Threshold. As we mentioned in the last subsection, the threshold model (15)
may need to be modified so that unbounded growth does not occur when y is above the
threshold 7. The simplest way to do this is to introduce another factor that will have the
effect of making dy/dt negative when y is large. Thus we consider

bt (-3 (- )
where » > 0and 0 < T < K.

The graph of f(y) versus y is shown in Figure 2.4.9. In this problem, there are three
critical points, y = 0, y = T, and y = K, corresponding to the equilibrium solutions
¢1(t) =0, ¢a(t) =T, and ¢3(t) = K, respectively. From Figure 2.4.9, it is clear that
dy/dt > 0 for T < y < K, and consequently, y is increasing there. The reverse is true for
y < T and for y > K. Consequently, the equilibrium solutions ¢;(¢) and ¢5(¢) are asymp-
totically stable, and the solution ¢,(#) is unstable.

f(y)

IEEVEEEEN /() versus y for dy/dt = —r(1 — y/T)(1 — y/K)y.



2.4 Autonomous Equations and Population Dynamics | 87

y Yy

(@) (b)

Fle Bl = IO Logistic growth with a threshold: dy/dt = —r(1 — y/T)(1 — y/K)y.
(a) The phase line. (b) Plots of y versus ¢.

The phase line for Eq. (18) is shown in Figure 2.4.10a, and the graphs of some solutions
are sketched in Figure 2.4.105. You should make sure that you understand the relation
between these two figures, as well as the relation between Figures 2.4.9 and 2.4.10a. From
Figure 2.4.10b we see that if y starts below the threshold 7', then y declines to ultimate
extinction. On the other hand, if y starts above 7', then y eventually approaches the carrying
capacity K. The inflection points on the graphs of y versus ¢ in Figure 2.4.10b correspond
to the maximum and minimum points, y; and y,, respectively, on the graph of f(y) versus
y in Figure 2.4.9. These values can be obtained by differentiating the right side of Eq. (18)
with respect to y, setting the result equal to zero, and solving for y. We obtain

yia=(K+T+VK>— KT +T?)/3, (19)

where the plus sign yields y; and the minus sign y;,.

A model of this general sort apparently describes the population of the passenger pigeon,
which was present in the United States in vast numbers until late in the 19th century. It was
heavily hunted for food and for sport, and consequently its numbers were drastically reduced
by the 1880s. Unfortunately, the passenger pigeon could apparently breed successfully only
when present in a large concentration, corresponding to a relatively high threshold 7.
Although a reasonably large number of individual birds remained alive in the late 1880s,
there were not enough in any one place to permit successful breeding, and the population
rapidly declined to extinction. The last survivor died in 1914. The precipitous decline in the
passenger pigeon population from huge numbers to extinction in a few decades was one of
the early factors contributing to a concern for conservation in this country.

PROBLEMS
EE I BN E NN EEEEEEEENEN

Problems 1 through 6 involve equations of the form  points, and classify each one as asymptotically stable
dy/dt = f(y). In each problem, sketch the graph or unstable. Draw the phase line, and sketch several
of f(y) versus y, determine the critical (equilibrium) graphs of solutions in the #y-plane.

6

®See, for example, Oliver L. Austin, Jr., Birds of the World (New York: Golden Press, 1983), pp. 143-145.
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1. dy/dt = ay + by?, a>0, b>0,
=0

2. dy/dt = ay + by?, a>0, b>0,
—00 < Yy < 00

3.ody/dt =y(y =Dy —=2), =0

4. dy/dt = e’ — 1, —00 < Yy < 00

5. dy/dt =e —1, —00 < yy < 00

b

dy/dt = —2(arctan y)/(1 + y?),
—00 < Yy < 00

p

Semistable Equilibrium Solutions. Sometimes a
constant equilibrium solution has the property that
solutions lying on one side of the equilibrium so-
lution tend to approach it, whereas solutions lying
on the other side depart from it (see Figure 2.4.11).
In this case, the equilibrium solution is said to be
semistable.

(a) Consider the equation

dy/dt = k(1 — )’ (1)

where £ is a positive constant. Show that y = 1
is the only critical point, with the correspond-
ing equilibrium solution ¢(f) = 1.

(b) Sketch f(y) versus y. Show that y is increasing
as a function of 7 for y < 1 and also for y > 1.
The phase line has upward-pointing arrows
both below and above y = 1. Thus solutions be-
low the equilibrium solution approach it, and
those above it grow farther away. Therefore
¢(f) = 1 is semistable.

(¢) Solve Eq. (i) subject to the initial condition
¥(0) = yo and confirm the conclusions reached

in part (b).
y y
%y = ot) =k /
(@) t (b) t

m In both cases the equilibrium

solution ¢ (¢) = k is semistable.
(a)dy/dt < 0;(b)dy/dt > 0.

Problems 8§ through 13 involve equations of the form
dy/dt = f(y). In each problem, sketch the graph

of f(y) versus y, determine the critical (equilibrium)
points, and classify each one as asymptotically sta-
ble, unstable, or semistable (see Problem 7). Draw the
phase line, and sketch several graphs of solutions in the
ty-plane.

8. dy/dt = —k(y — 1),
—00 < yp < 00
9. dy/dt = y*(* = 1),
10. dy/dt = y(1 = y?),
11. dy/dt = ay — b/y,
yo=0
12. dy/dt = y*(4 — y?),
13. dy/dt = y*(1 = y)?,
14. Suppose that a certain population obeys the logis-

tic equation dy/dt = ry[l — (y/K)].

(a) If yo = K/3, find the time t at which the ini-
tial population has doubled. Find the value of
7 corresponding to » = 0.025 per year.

(b) If »o/K = «, find the time 7 at which
WT)/K = B, where 0 < «, B < 1. Observe
that 7 — coas @ — 0O or as § — 1. Find the
value of T for » = 0.025 per year, « = 0.1, and
B =0.9.

15. Another equation that has been used to model pop-
ulation growth is the Gompertz equation:

dy/dt =ryIn(K/y),

where 7 and K are positive constants.

(a) Sketch the graph of f(y) versus y, find the
critical points, and determine whether each is
asymptotically stable or unstable.

(b) For 0 < y < K, determine where the graph of
yversus t is concave up and where it is concave
down.

(¢) For each y in 0 < y < K, show that dy/dt,
as given by the Gompertz equation, is never
less than dy/dt, as given by the logistic
equation.

k>0,

—00 < Yy < 00
—00 < Jp < 00

a >0, b >0,

—00 < )y < 00

—00 < Yy < 00

16. (a) Solve the Gompertz equation

dy/dt =ryIn(K/y),

subject to the initial condition y(0) = yy.
Hint: You may wish to let u = In(y/K).
(b) For the data given in Example 2 in the text
(r = 0.71 per year, K = 80.5 x 10° kg,
yo/K = 0.25), use the Gompertz model to find
the predicted value of y(2).



17.

18.

19.
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(c) For the same data as in part (b), use the
Gompertz model to find the time 7 at which
y(r) =0.75K.

Consider the equation

dy/dt = =0.25(1 = y)[1 = (y/4)]y.

(a) Draw a direction field and plot several solu-
tions. Confirm that the solutions behave as
shown in Figure 2.4.100.

(b) For what values of y do inflection points occur?

(¢) Suppose that y(0) = 2. Find the value of this
solution when ¢ = 5.

(d) Consider all solutions starting at t = 0 in
the interval 2 < y < 6. Find (to two deci-
mal places) the smallest value of ¢ for which
all of these solutions lie in the interval
395 <y <4.05.

A pond forms as water collects in a conical depres-
sion of radius @ and depth 4. Suppose that water
flows in at a constant rate k£ and is lost through
evaporation at a rate proportional to the surface
area.

(a) Show that the volume V/(¢) of water in the pond
at time ¢ satisfies the differential equation

dv)dt = k —anBa/mh)y*> V33,

where « is the coefficient of evaporation.
(b) Find the equilibrium depth of water in the
pond. Is the equilibrium asymptotically stable?
(¢) Find a condition that must be satisfied if the
pond is not to overflow.

Consider a cylindrical water tank of constant cross
section 4. Water is pumped into the tank at a con-
stant rate k£ and leaks out through a small hole
of area a in the bottom of the tank. From Torri-
celli’s principle in hydrodynamics (see Problem 6
in Section 2.2), it follows that the rate at which
water flows through the hole is aa+/2gh, where A
is the current depth of water in the tank, g is the
acceleration due to gravity, and « is a contraction
coefficient that satisfies 0.5 < o < 1.0.

(a) Show that the depth of water in the tank at any
time satisfies the equation

dh/dt = (k — aa\/2gh)/A.

(b) Determine the equilibrium depth /4, of water,
and show that it is asymptotically stable. Ob-
serve that 4, does not depend on A.

Epidemics. The use of mathematical methods to study
the spread of contagious diseases goes back at least to
some work by Daniel Bernoulli in 1760 on smallpox.
In more recent years, many mathematical models have
been proposed and studied for many different diseases.”
Problems 20 through 22 deal with a few of the simpler
models and the conclusions that can be drawn from
them. Similar models have also been used to describe
the spread of rumors and of consumer products.

20. Suppose thata given population can be divided into
two parts: those who have a given disease and can
infect others, and those who do not have it but are
susceptible. Let x be the proportion of susceptible
individuals and y the proportion of infectious in-
dividuals; then x + y = 1. Assume that the disease
spreads by contact between sick and well mem-
bers of the population and that the rate of spread
dy/dt is proportional to the number of such con-
tacts. Further, assume that members of both groups
move about freely among each other, so the num-
ber of contacts is proportional to the product of x
and y. Since x = 1 — y, we obtain the initial value
problem

dy/dt = ay(l1 —y),  y(0) =y, (i)
where « is a positive proportionality factor, and y,
is the initial proportion of infectious individuals.

(a) Find the equilibrium points for the differen-
tial equation (i) and determine whether each is
asymptotically stable, semistable, or unstable.

(b) Solve the initial value problem (i) and verify
that the conclusions you reached in part (a)
are correct. Show that y(f) — 1 as t — oo,
which means that ultimately the disease
spreads through the entire population.

21. Some diseases (such as typhoid fever) are spread
largely by carriers, individuals who can transmit
the disease but who exhibit no overt symptoms.
Let x and y, respectively, denote the proportion of
susceptibles and carriers in the population. Sup-
pose that carriers are identified and removed from
the population at a rate f, so

dy/dt = —By. €]

7A standard source is the book by Bailey listed in the references. The models in Problems 20 through 22
are discussed by Bailey in Chapters 5, 10, and 20, respectively.
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22,

Suppose also that the disease spreads at a rate pro-
portional to the product of x and y; thus

dx/dt = —axy. (i1)

(a) Determine y at any time ¢ by solving Eq. (i)
subject to the initial condition y(0) = y.

(b) Use the result of part (a) to find x at any time ¢
by solving Eq. (ii) subject to the initial condi-
tion x(0) = xo.

(¢) Find the proportion of the population that es-
capes the epidemic by finding the limiting
value of x as t — oo.

Daniel Bernoulli’s work in 1760 had the goal of
appraising the effectiveness of a controversial in-
oculation program against smallpox, which at that
time was a major threat to public health. His model
applies equally well to any other disease that, once
contracted and survived, confers a lifetime immu-
nity.

Consider the cohort of individuals born in a
given year (¢ = 0), and let n(f) be the number of
these individuals surviving ¢ years later. Let x(7) be
the number of members of this cohort who have
not had smallpox by year ¢ and who are therefore
still susceptible. Let B be the rate at which suscep-
tibles contract smallpox, and let v be the rate at
which people who contract smallpox die from the
disease. Finally, let «(¢) be the death rate from all
causes other than smallpox. Then dx/dt, the rate
at which the number of susceptibles changes, is
given by

dx/dt = —[B + u(n)lx. )

The first term on the right side of Eq. (i) is the rate
at which susceptibles contract smallpox, and the
second term is the rate at which they die from all
other causes. Also

dn/dt = —vBx — u(t)n, (i1)

where dn/dt is the death rate of the entire cohort,
and the two terms on the right side are the death
rates due to smallpox and to all other causes, re-
spectively.
(a) Letz =x/n and show that z satisfies the initial
value problem
dz/dt = —Bz(1 —vz), z(0) = 1.
(iii)
Observe that the initial value problem (iii) does
not depend on (7).
(b) Find z(¢) by solving Eq. (iii).

(¢) Bernoulli estimated that v =8 = % Using
these values, determine the proportion of 20-

year-olds who have not had smallpox.

Note: On the basis of the model just described
and the best mortality data available at the time,
Bernoulli calculated that if deaths due to smallpox
could be eliminated (v = 0), then approximately 3
years could be added to the average life expectancy
(in 1760) of 26 years 7 months. He therefore sup-
ported the inoculation program.
Bifurcation Points. For an equation of the form

dy/dt = f(a,y), (i)

where a is a real parameter, the critical points (equilib-
rium solutions) usually depend on the value of a. As a
steadily increases or decreases, it often happens that at
a certain value of a, called a bifurcation point, critical
points come together, or separate, and equilibrium so-
lutions may either be lost or gained. Bifurcation points
are of great interest in many applications, because near
them the nature of the solution of the underlying differ-
ential equation is undergoing an abrupt change. For ex-
ample, in fluid mechanics a smooth (laminar) flow may
break up and become turbulent. Or an axially loaded
column may suddenly buckle and exhibit a large lateral
displacement. Or, as the amount of one of the chemicals
in a certain mixture is increased, spiral wave patterns
of varying color may suddenly emerge in an originally
quiescent fluid. Problems 23 through 25 describe three
types of bifurcations that can occur in simple equations
of the form (i).

23. Consider the equation
dy/dt = a — y*. (ii)

(a) Find all of the critical points for Eq. (ii).
Observe that there are no critical points if
a < 0, one critical point if ¢ = 0, and two
critical points if a > 0.

(b) Draw the phase line in each case and determine
whether each critical point is asymptotically
stable, semistable, or unstable.

(c) In each case, sketch several solutions of
Eq. (ii) in the #y-plane.

(d) If we plot the location of the critical points as a
function of a in the ay-plane, we obtain Figure
2.4.12. This is called the bifurcation diagram
for Eq. (ii). The bifurcation at a = 0 is called
a saddle-node bifurcation. This name is more
natural in the context of second order systems,
which are discussed in Chapter 7.
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Asymptotically stable

25.

-2 -1 1 2 3 4 a
\
N
~N
-1 RN - Unstable
2+ T =,
m Bifurcation diagram for
y/ —q— y2.
24. Consider the equation
dy/dt = ay — y* = y(a — 7). (iii)

(a) Again consider the cases a < 0, a = 0, and
a > 0. In each case, find the critical points,
draw the phase line, and determine whether
each critical point is asymptotically stable,
semistable, or unstable.

(b) In each case, sketch several solutions of
Eq. (iii) in the #y-plane.

(¢) Draw the bifurcation diagram for Eq. (iii), that
is, plot the location of the critical points versus
a. For Eq. (iii), the bifurcation pointata = 0 is
called a pitchfork bifurcation; your diagram
may suggest why this name is appropriate.

Consider the equation

(iv)

(a) Again consider the cases a < 0, a = 0, and
a > 0. In each case, find the critical points,
draw the phase line, and determine whether

each critical point is asymptotically stable,
semistable, or unstable.

dy/dt = ay — y* = y(a — y).

26.

(b) In each case, sketch several solutions of
Eq. (iv) in the #y-plane.

(¢) Draw the bifurcation diagram for Eq. (iv). Ob-
serve that for Eq. (iv) there are the same num-
ber of critical points for @ < 0 and a > 0 but
that their stability has changed. For a < 0, the
equilibrium solution y = 0 is asymptotically
stable and y = a is unstable, while for a > 0
the situation is reversed. Thus there has been
an exchange of stability as a passes through
the bifurcation point a = 0. This type of bifur-
cation is called a transcritical bifurcation.

Chemical Reactions. A second order chemical re-
action involves the interaction (collision) of one
molecule of a substance P with one molecule of a
substance Q to produce one molecule of a new sub-
stance X; this is denoted by P + Q — X. Suppose
that p and ¢, where p # ¢, are the initial concen-
trations of P and Q, respectively, and let x(¢) be
the concentration of X at time . Then p — x(¢) and
q — x(t) are the concentrations of P and Q at time
t, and the rate at which the reaction occurs is given
by the equation

dx/dt = a(p —x)(q — x), (@
where « is a positive constant.

(a) If x(0) = 0, determine the limiting value of
x(t) as t — oo without solving the differential
equation. Then solve the initial value problem
and find x(#) for any ¢.

(b) If the substances P and Q are the same, then
p = g and Eq. (i) is replaced by

dx/dt = a(p — x)*. (ii)
If x(0) = 0, determine the limiting value of
x(t) as t — oo without solving the differential
equation. Then solve the initial value problem
and determine x() for any ¢.

2.5 Exact Equations and
Integrating Factors

For first order equations, there are a number of integration methods that are applicable
to various classes of problems. We have already discussed linear equations and separable
equations. Here, we consider a class of equations known as exact equations for which there
is also a well-defined method of solution. Keep in mind, however, that those first order
equations that can be solved by elementary integration methods are rather special; most
first order equations cannot be solved in this way.
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EEEN
EXAMPLE
1

Solve the differential equation
2x +y* +2xyy = 0. (1)

The equation is neither linear nor separable, so the methods suitable for those types of
equations are not applicable here. However observe that the function ¥ (x, y) = x* + x?

has the property that ) )
2x+y2=—w, ny:_lﬁ_ (2)
ox ay
Therefore the differential equation can be written as
0 oy d
2x+y2+2xyy’=—w+—w—y:0. (3)
ax ay dx
Assuming that y is a function of x and using the chain rule, it follows that
oy  oydy dy _d , 2
ax +8y dx  dx dx(x +x) @

Therefore, by integrating with respect to x, we obtain

Yy =xt+xt=c, )

where c is an arbitrary constant. Equation (5) defines solutions of Eq. (1) implicitly.

The integral curves of Eq. (1) are the level curves, or contour lines, of the function
¥(x, y) given by Eq. (5). Contour plotting routines in modern software packages are a
convenient way to plot a representative sample of integral curves for a differential equation,
once ¥ (x, y) has been determined. This is an alternative to using a numerical approximation
method, such as Euler’s method, to approximate solutions of the differential equation. Some
integral curves for Eq. (1) are shown in Figure 2.5.1.

N
/

SO =L  Integral curves of Eq. (1).

Q

N\

)
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In solving Eq. (1), the key step was the recognition that there is a function  that satisfies
Egs. (2). More generally, let the differential equation

M(x,y)+ N(x, y)y'=0 (6)

be given. Suppose that we can identify a function ¥ such that

9 9
—aw(x,y) = M(x,y), —w(x,y) = N(x, ), @)
X ay

and such that ¥ (x, y) = c defines y = ¢(x) implicitly as a differentiable function of x. Then

d v d
M(x.y)+ NG yyy = L 204

d
ax dy dx %w[x,qb(x)]

and the differential equation (6) becomes

d
T lx $(0)] = 0. ®)
X

In this case, Eq. (6) is said to be an exact differential equation. Solutions of Eq. (6), or the
equivalent Eq. (8), are given implicitly by

v(x,y)=c, )

where c is an arbitrary constant.

In Example 1, it was relatively easy to see that the differential equation was exact and, in
fact, easy to find its solution, by recognizing the required function . For more complicated
equations, it may not be possible to do this so easily. A systematic way of determining
whether a given differential equation is exact is provided by the following theorem.

Let the functions M, N, M,, and N,, where subscripts denote partial derivatives, be
continuous in the rectangular® region R: @ < x < B,y < y < 8. Then Eq. (6),

M(x,y)+ N(x, y)y" =0,
is an exact differential equation in R if and only if
My (x, y) = Ne(x, y) (10)
at each point of R. That is, there exists a function v satisfying Egs. (7),

Ya(x, y) = M(x, ),  ¥y(x,y) = N(x, ),
if and only if M and N satisfy Eq. (10).

The proof of this theorem has two parts. First, we show that if there is a function v such
that Egs. (7) are true, then it follows that Eq. (10) is satisfied. Computing M, and N, from
Egs. (7), we obtain

My(xvy):wxy(xvy)a Nx(xvy):wyx(xvy)' (11)

8Tt is not essential that the region be rectangular, only that it be simply connected. In two dimensions,
this means that the region has no holes in its interior. Thus, for example, rectangular or circular regions
are simply connected, but an annular region is not. More details can be found in most books on advanced
calculus.
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Since M, and N, are continuous, it follows that v/, and v, are also continuous. This
guarantees their equality, and Eq. (10) follows.

We now show that if M and N satisfy Eq. (10), then Eq. (6) is exact. The proof involves
the construction of a function ¥ satisfying Egs. (7),

Ya(x, y) = M(x, ), y(x,y) = N(x, p).
We begin by integrating the first of Egs. (7) with respect to x, holding y constant. We obtain

Y(x,y) =0, »)+h(y), (12)

where QO(x, y) is any differentiable function such that dQ(x, y)/dx = M(x, y). For
example, we might choose

wa=/AMJM& (13)

where x is some specified constant in @ < x¢ < 8. The function / in Eq. (12) is an arbitrary
differentiable function of y, playing the role of the arbitrary constant. Now we must show
that it is always possible to choose 4(y) so that the second of Egs. (7) is satisfied, that is,
¥, = N. By differentiating Eq. (12) with respect to y and setting the result equal to N(x, y),

we obtain 90
Vy(x, y) = E(x, )+ ()= N(x, ).

Then, solving for 4'(y), we have

0
h@thwrfww. (14)

In order for us to determine /(y) from Eq. (14), the right side of Eq. (14), despite its
appearance, must be a function of y only. To establish that this is true, we can differentiate
the quantity in question with respect to x, obtaining

4Y

oN 0
a(X,J/)— aa(x»y)- (15)

By interchanging the order of differentiation in the second term of Eq. (15), we have

IN d 00
g(%}’) - @g(x,y),

or, since 00 /0x = M, IN oM
— &, y) = —x,»),
ox ay

which is zero on account of Eq. (10). Hence, despite its apparent form, the right side of
Eq. (14) does not, in fact, depend on x. Then we find A(y) by integrating Eq. (14), and
upon substituting this function in Eq. (12), we obtain the required function v(x, y). This
completes the proof of Theorem 2.5.1.

It is possible to obtain an explicit expression for v (x, y) in terms of integrals (see Problem
17), but in solving specific exact equations, it is usually simpler and easier just to repeat the
procedure used in the preceding proof. That is, integrate ¥, = M with respect to x, including
an arbitrary function of 4(y) instead of an arbitrary constant, and then differentiate the result
with respect to y and set it equal to N. Finally, use this last equation to solve for A(y). The
next example illustrates this procedure.

EEEN
EXAMPLE
2

Solve the differential equation

(y cosx + 2xe”) + (sinx + x%e’ — 1)y = 0. (16)
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It is easy to see that
My (x,y) = cosx +2xe” = N,(x, y),

so the given equation is exact. Thus there is a 1 (x, y) such that

Ye(x,y) = ycosx + 2xe’ = M(x, y),

Yy(x, y) = sinx +x%’ — 1= N(x, ).
Integrating the first of these equations with respect to x, we obtain

V(x, y) = ysinx + x2e” + h(y). (17)
Then, finding v, from Eq. (17) and setting the result equal to N give
Yy (x, ) = sinx +x%e’ + '(y) = sinx + x%e” — 1.

Thus /4'(y) = —1 and h(y) = —y. The constant of integration can be omitted since any
solution of the preceding differential equation is satisfactory; we do not require the most
general one. Substituting for 4(y) in Eq. (17) gives

V(x,y) = ysinx +x2e’ — y.
Hence solutions of Eq. (16) are given implicitly by
ysinx +x%e’ —y =c. (18)

If an initial condition is prescribed, then it determines the value of ¢ corresponding to the
integral curve passing through the given initial point. For example, if the initial condition
is ¥(3) = 0, then ¢ = 9. Some integral curves of Eq. (16) are shown in Figure 2.5.2; the one
passing through (3, 0) is heavier than the others.

y
i
o L
‘ 2.
_4 2 4 6 £

A

FLElBIH=PITP A Integral curves of Eq. (16); the heavy curve is the integral curve through
the initial point (3, 0).
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EEEN
EXAMPLE
3

Solve the differential equation
Gxy + y?) + (x* +xy)y' = 0. (19)

ere, My(x.) =3x+2y.  Ny(w.y) =2 +y;

since M, # N,, the given equation is not exact. To see that it cannot be solved by the
procedure described above, let us seek a function i such that

Yo(x,y) =3xy + 37 = M(x,y),  Y(x,y) =x>+xy = N(x, ). (20)
Integrating the first of Egs. (20) gives
Y(x,p) = 3x2y +x37 + h(y), (21)

where /4 is an arbitrary function of y only. To try to satisfy the second of Egs. (20), we
compute ¥, from Eq. (21) and set it equal to V, obtaining

%xz +2xy +h(y)=x>+xy

or ’
H(y)=—3ix* —xy. (22)

Since the right side of Eq. (22) depends on x as well as y, it is impossible to solve Eq. (22)
for A(y). Thus there is no ¥ (x, y) satisfying both of Eqgs. (20).

Integrating Factors. It is sometimes possible to convert a differential equation that is not exact into an

exact equation by multiplying the equation by a suitable integrating factor. Recall that this
is the procedure that we used in solving linear equations in Section 1.2. To investigate the
possibility of implementing this idea more generally, let us multiply the equation

M(x,y)dx + N(x,y)dy =0 (23)
by a function p and then try to choose w so that the resulting equation

(e, MM(x,y)dx + p(x, y)N(x,y)dy =0 (24)

is exact. By Theorem 2.5.1, Eq. (24) is exact if and only if
(uM)y = (N)x. (25)

Since M and N are given functions, Eq. (25) states that the integrating factor ;« must satisfy
the first order partial differential equation

My, — Nps + (M, — Nop = 0. (26)

If a function p satisfying Eq. (26) can be found, then Eq. (24) will be exact. The solution
of Eq. (24) can then be obtained by the method described in the first part of this section.
The solution found in this way also satisfies Eq. (23), since the integrating factor u can be
canceled out of Eq. (24).

A partial differential equation of the form (26) may have more than one solution. If this
is the case, any such solution may be used as an integrating factor of Eq. (23). This possible
nonuniqueness of the integrating factor is illustrated in Example 4.
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Unfortunately, Eq. (26), which determines the integrating factor u, is ordinarily at least
as hard to solve as the original equation (23). Therefore, although in principle, integrating
factors are powerful tools for solving differential equations, in practice, they can be found
only in special cases. The most important situations in which simple integrating factors can
be found occur when w is a function of only one of the variables x or y, instead of both.
Let us determine a condition on M and N so that Eq. (23) has an integrating factor u that
depends on x only. Assuming that p is a function of x only, we have

du

(uM)y = uM,, (UN)x = pNe + N ==

Thus, if (uM), is to equal (uN)y, it is necessary that

dn M, — N,
dx N
If (M, — N,)/N is a function of x only, then there is an integrating factor u that also
depends only on x. Further, x (x) can be found by solving Eq. (27), which is both linear and
separable.

A similar procedure can be used to determine a condition under which Eq. (23) has an
integrating factor depending only on y; see Problem 23.

27

HEEEN
EXAMPLE
4

Find an integrating factor for the equation
Gxy + ) + (@ +xy)y =0 (19)

and then solve the equation.

In Example 3, we showed that this equation is not exact. Let us determine whether it has
an integrating factor that depends on x only. On computing the quantity (M, — N,)/N, we
find that

My(x,») = Na(x,y) _3x+2y—@2x+y) x4y 1 28)
N(x, ) x2+xy x(x+y) x’

Thus there is an integrating factor p that is a function of x only, and it satisfies the differential
equation

dp
= 29
dx x 29)
Hence
wx)=x. (30)
Multiplying Eq. (19) by this integrating factor, we obtain
Gx?y +xpH) + (2 +x%y)y =0. (31

The latter equation is exact, and it is easy to show that its solutions are given implicitly by
3y + %xzy2 =c. (32)

Solutions may also be readily found in explicit form since Eq. (32) is quadratic in y. Some
integral curves of Eq. (19) are shown in Figure 2.5.3.
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il

/N
FLElOIEPALTRER  Integral curves of Eq. (19).

You may also verify that a second integrating factor of Eq. (19) is
1
xy(2x +y)

and that the same solution is obtained, though with much greater difficulty, if this integrating
factor is used (see Problem 32).

u(x,y) =

PROBLEMS
E N EEEEEEEEEEEEEEEN

In each of Problems 1 through 12: 9. (ve* cos2x — 2™ sin2x + 2x)dx
(a) Determine whether the equation is exact. If it is 4+ (xe“cos2x —3)dy =0
exact, then: 10. (y/x 4+ 6x)dx + (Inx —2)dy = 0, x>0
(b) Solve the equation. _ 11. (xIny +xy)dx + (yInx +xy)dy = 0;
(¢) Use a computer to draw several integral curves. x>0, y>0
. 2x+3)+Q2y—2)y'=0 1 X dx ydy B
2. 2x +4y)+(@2x —2y)y =0 B R CE R Me
3. (3x? = 2xy +2)dx +(6y* —x* +3)dy =0 In each of Problems 13 and 14, solve the given initial
4. 2xy* 4+ 2y) + 2x%y 4+ 2x)y' =0 value problem and determine, at least approximately,
; d_y _ 4x + 2y where the solution is valid.
" dx 2x + 3y 13. 2x —y)dx+ 2y —x)dy =0, y(1)y=3
; dy  4x-2y 14. x> +y—Ddx — @y —x)dy =0, y(1)=0
“dx  2x =3y In each of Problems 15 and 16, find the value of b for
7. (e siny — 2y sinx)dx which the given equation is exact, and then solve it
+(e*cosy +2cosx)dy =0 using that value of b.

8. (¢*siny+3y)dx —(3x —e*siny)dy =0 15. (xp? +bx%y)dx + (x +y)x*dy =0



16. (ye* +x)dx + bxe*? dy =0

17. Assume that Eq. (6) meets the requirements of
Theorem 2.5.1 in a rectangle R and is therefore
exact. Show that a possible function ¥ (x, y) is

x y
Y(x.y) = / Mis. yo)ds + / Nex. 1y d,

where (xg, 1o) is a point in R.
18. Show that any separable equation
M)+ N(p)y' =0
is also exact.
In each of Problems 19 through 22:
(a) Show that the given equation is not exact but be-
comes exact when multiplied by the given integrat-
ing factor.

(b) Solve the equation.
(c) Use a computer to draw several integral curves.

19. x2y3 +x(1+ %)y =0,

20. (w —2e* sinx) dx
y

cosy + 2e " cosx ;
+( > )dy:O, px, y) = ye

21. ydx 4+ (2x —ye’)dy =0, ux,y)y=y

22. (x +2)sinydx +xcosydy =0,
p(x,y) =xe*

23. Show that if (N, — M,)/M = Q, where Q is a
function of y only, then the differential equation

M+ Ny =0

ulx, y) = 1/xy?
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has an integrating factor of the form

() = exp / 00) dy.

24. Show thatif (N, — M,)/(xM — yN) = R, where
R depends on the quantity xy only, then the differ-

tial ti
ential equation - FNY =0

has an integrating factor of the form p(xy). Find a
general formula for this integrating factor.

In each of Problems 25 through 31:
(a) Find an integrating factor and solve the given equa-
tion.
(b) Use a computer to draw several integral curves.
25. Bx%y +2xy +yHdx + (x> +y*)dy =0
26. y =¥ +y—1
27. dx + (x/y —siny)dy =0
28. ydx +Q2xy —e ?)dy =0
29. e“dx + (efcoty+2ycscy)dy =0
3
X 3 X
y y y
6 2 d
3. <3x+—>+(x—+31)—y =0
y y x /) dx
Hint: See Problem 24.

32. Use the integrating factor u(x, y) =[xy (2x +y)]~!
to solve the differential equation

Bxy + )+ 2 +xy)y =0.

Verify that the solution is the same as that obtained
in Example 4 with a different integrating factor.

2.6 Accuracy of Numerical Methods

In Section 1.3, we introduced the Euler, or tangent line, method for approximating the
solution of an initial value problem ,
y=ry), (M

W(to) = yo. )

This method involves the repeated evaluation of the expressions

tny1 =t + ha (3)
Ynt1 =Y + hf(tm Yn) 4)
forn=0,1,2,.... The result is a set of approximate values yi, y», ... at the mesh points

11, ta, .... We assume, for simplicity, that the step size % is constant, although this is not
necessary. In this section, we will begin to investigate the errors that may occur in this
numerical approximation process.
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Some examples of Euler’s method appear in Section 1.3. As another example, consider
the initial value problem

Vv =1—t+4y, ®)

y(0)=1. (6)

Equation (5) is a first order linear equation, and it is easily verified that the solution satisfying
the initial condition (6) is

y=00) =3t — %+ ge". (7)

Since the exact solution is known, we do not need numerical methods to approximate the
solution of the initial value problem (5), (6). On the other hand, the availability of the exact
solution makes it easy to determine the accuracy of any numerical procedure that we use on
this problem. We will use this problem in this section and the next to illustrate and compare
different numerical methods. The solutions of Eq. (5) diverge rather rapidly from each other,
so we should expect that it will be fairly difficult to approximate the solution (7) well over
any considerable interval. Indeed, this is the reason for choosing this particular problem; it
will be relatively easy to observe the benefits of using more accurate methods.

AEEEN
EXAMPLE
1

EEEEN
TABLE 2.6.1

Using the Euler formula (4) and step sizes 2 = 0.05, 0.025, 0.01, and 0.001, deter-
mine approximate values of the solution y = ¢(#) of the problem (5), (6) on the interval
0<tr<2.

The indicated calculations were carried out on a computer, and some of the results
are shown in Table 2.6.1. Their accuracy is not particularly impressive. For 2 = 0.01
the percentage error is 3.85% at ¢t = 0.5, 7.49% at t = 1.0, and 14.4% at t = 2.0. The
corresponding percentage errors for # = 0.001 are 0.40%, 0.79%, and 1.58%, respectively.
Observe that if # = 0.001, then it requires 2000 steps to traverse the interval from 7 = 0 to
t = 2. Thus considerable computation is needed to obtain even reasonably good accuracy
for this problem using the Euler method. When we discuss other numerical approximation
methods in Section 2.7, we will find that it is possible to obtain comparable or better accuracy
with much larger step sizes and many fewer computational steps.

A comparison of results for the numerical solution of y' = 1 — ¢ + 4y, ¥(0) = 1 using
the Euler method for different step sizes 4.

t h =0.05 h=0.025 h=0.01 h=10.001 Exact

0.0 1.0000000 1.0000000 1.0000000 1.0000000 1.0000000
0.1 1.5475000 1.5761188 1.5952901 1.6076289 1.6090418
0.2 2.3249000 2.4080117 2.4644587 2.5011159 2.5053299
0.3 3.4333560 3.6143837 3.7390345 3.8207130 3.8301388
0.4 5.0185326 5.3690304 5.6137120 5.7754845 5.7942260
0.5 7.2901870 7.9264062 8.3766865 8.6770692 8.7120041
1.0 45.588400 53.807866 60.037126 64.382558 64.897803
1.5 282.07187 361.75945 426.40818 473.55979 479.25919
2.0 1745.6662 2432.7878 3029.3279 3484.1608 3540.2001
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To begin to investigate the errors in using numerical approximations, and also to suggest
ways to construct more accurate algorithms, it is helpful to mention some alternative ways
to look at the Euler method.

First, let us write the differential equation (1) at the point # = 7, in the form

d¢
7 ) = [t (@) (®)
t
Then we approximate the derivative in Eq. (8) by the corresponding (forward) difference
quotient, obtaining B(tnsr) — b(t)
o = Sl g, ©)
n+l1 7 tn

Finally, if we replace ¢(,+1) and ¢(¢,) by their approximate values y, | and y,, respectively,
and solve for y,, we obtain the Euler formula (4).

Another way to proceed is to write the problem as an integral equation. Since y = ¢ (¢)
is a solution of the initial value problem (1), (2), by integrating from #, to #,.1, we obtain

nt1 sl

P'(1) dt = Sl ()] dt,

ty In

or tut1
G(tns1) = $(tn) + Sl ()] dr. (10)
ty
The integral in Eq. (10) is represented geometrically as the area under the curve in
Figure 2.6.1 between ¢t = ¢, and ¢ = ¢,,;. If we approximate the integral by replacing
fIt, ¢(¢)] by its value f[t,, ¢(t,)] at t = t,, then we are approximating the actual area by
the area of the shaded rectangle. In this way we obtain

¢(tn+l) = ¢(tn) + f[tna ¢(tn)](tn+l - tn)
= ¢(ta) + hfTtn, P(20)]. (11)

Finally, to obtain an approximation y,;; for ¢(#,+1), we make a second approximation
by replacing ¢(t,) by its approximate value y, in Eq. (11). This gives the Euler formula
Vut+1 = Yu + hf (2., yn).- A more accurate algorithm can be obtained by approximating the
integral more accurately. This is discussed in Section 2.7.

y'

y'=fl, d)(t)]/

flt,, o)1+

tn tn+1 ¢

Ll SV Integral derivation of the Euler method.

A third approach is to assume that the solution y = ¢(¢) has a Taylor series about the
point #,. Then

h2
Oty +h) = ¢(ty) + ¢'(t,)h + d)”(t")ﬁ 4,

or

h2
P(tat1) = @(tn) + fltn, P(ta)]h + ¢”(tn)2—! +-e (12)
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If the series is terminated after the first two terms, and ¢(#,.1) and ¢(t,) are replaced by
their approximate values y,+; and y,, we again obtain the Euler formula (4). If more terms
in the series are retained, a more accurate formula is obtained. Further, by using a Taylor
series with a remainder, it is possible to estimate the magnitude of the error in the formula.

Errors in Numerical Approximations. The use of a numerical procedure, such as the Euler method, to
approximate the solution of an initial value problem raises a number of questions that must
be answered before the numerical approximation can be accepted as satisfactory. One of
these is the question of convergence. That is, as the step size / tends to zero, do the values
of the numerical approximation yy, y3, ..., Vu, ... approach the corresponding values of
the actual solution? If we assume that the answer is affirmative, there remains the important
practical question of how rapidly the numerical approximation converges to the solution. In
other words, how small a step size is needed in order to guarantee a given level of accuracy?
We want to use a step size that is small enough to ensure the required accuracy, but not
too small. An unnecessarily small step size slows down the calculations, makes them more
expensive, and may even cause a loss of accuracy in some cases.

There are two fundamental sources of error in approximating the solution of an initial
value problem numerically. Let us first assume that our computer is such that we can carry
out all computations with complete accuracy; that is, we can retain infinitely many decimal
places. The difference £, between the solution y = ¢(¢) of the initial value problem (1), (2)
and its numerical approximation y, at z, is given by

Ey = ¢(ta) = yn (13)

and is known as the global truncation error. It arises from two causes: First, at each step
we use an approximate formula to determine y,; second, the input data at each step are
only approximately correct. For example, in calculating y,;, we use y, rather than (the
unknown) ¢(1,), and, in general, ¢(¢,) is not equal to y,. If we assume that y,, = ¢(¢,), then
the only error in going one further step is due to the use of an approximate formula. This
error is known as the local truncation error e,.

The second fundamental source of error is that we carry out the computations in arith-
metic with only a finite number of digits. This leads to a round-off error R, defined by

Rn:yn_Yna (14)

where Y, is the value actually computed from the given numerical method.
The absolute value of the total error in computing ¢(¢,) is given by

|¢(tn) - Y= |¢(tn) —Vnt+n— Yyl (15)

Making use of the triangle inequality, |a + b| < |a| + |b|, we obtain, from Eq. (15),

|¢(tn) - Yn| = |¢(tn) _yn| + |yn - Ynl
< |En| + [Rul. (16)

Thus the total error is bounded by the sum of the absolute values of the global truncation and
round-off errors. For the numerical procedures discussed in this book, it is possible to obtain
useful estimates of the global truncation error. However we limit our discussion primarily
to the local truncation error, which is somewhat simpler. The round-off error is clearly
more random in nature. It depends on the type of computer used, the sequence in which
the computations are carried out, the method of rounding off, and so forth. An analysis
of round-off error is beyond the scope of this book, but it is possible to say more about it
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than one might at first expect.” Some of the dangers from round-off error are discussed in
Problems 23 through 25.

Local Truncation Error for the Euler Method. Let us assume that the solution y = ¢(¢) of the initial
value problem (1), (2) has a continuous second derivative in the interval of interest. To
ensure this, we can assume that f, f;, and f, are continuous. Observe that if / has these
properties and if ¢ is a solution of the initial value problem (1), (2), then

P'(t) = fIt. p(1)],

and, by the chain rule,

¢"(t) = filt. (O] + [olt, p(D1'(1)
= fillt, ¢+ 12, 9(O1 112, 6(0)]- (17)

Since the right side of this equation is continuous, ¢” is also continuous.
Then, making use of a Taylor polynomial with a remainder to expand ¢ about 7,, we

obtain -
Dty + h) = d(tn) + ¢ (L) + 39" (T,)h?, (18)

where 7, is some point in the interval 7, < 7, < t, + h. Subtracting Eq. (4) from Eq. (18),
and noting that ¢(¢, + h) = ¢(¢,41) and ¢'(t,) = f[t., ¢(t,)], we find that

Pn1) = Vw1 = [(t2) = vl + [Tty 9] = [ty )} + 30" @R (19)

To compute the local truncation error, we apply Eq. (19) to the true solution ¢(¢); that
is, we take y, to be ¢(#,). Then we immediately see from Eq. (19) that the local truncation

error e, 1 PPN
€ntl = ¢(tn+l) — Vnt1 = §¢ (tn)h . (20)

Thus the local truncation error for the Euler method is proportional to the square of the
step size &, and the proportionality factor depends on the second derivative of the solution
¢. The expression given by Eq. (20) depends on n and, in general, is different for each step.
A uniform bound, valid on an interval [a, b], is given by

le,| < Mh?/2, (21)

where M is the maximum of |¢”(¢)| on the interval [a, b]. Since Eq. (21) is based on a
consideration of the worst possible case—that is, the largest possible value of |¢”(¢)|—it
may well be a considerable overestimate of the actual local truncation error in some parts of
the interval [a, b]. The primary difficulty in using Eq. (20) or (21) lies in estimating |¢"(¢)|
or M. However, the central fact expressed by these equations is that the local truncation
error is proportional to 4. Thus, if 4 is multiplied by %, then the error is multiplied by i,
and so on. Further, the proportionality factor depends on the second derivative of the solution,
so Euler’s method works best on problems whose solutions have relatively small second
derivatives.

One use of Eq. (21) is to choose a step size that will result in a local truncation error no
greater than some given tolerance level. For example, if the local truncation error must be
no greater than €, then from Eq. (21) we have

h < \/2¢/M. (22)

9See, for example, the book by Henrici listed in the references.
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More important than the local truncation error is the global truncation error £,. The
analysis for estimating £, is more difficult than that for e,. However, knowing the local
truncation error, we can make an infuitive estimate of the global truncation error at a fixed
T > ty as follows. Suppose that we take » steps in going from #y to 7 = #; + nh. In each
step, the error is at most MAh?/2; thus the error in n steps is at most nMh? /2. Noting that
n = (T — ty)/ h, we find that the global truncation error for the Euler method in going from
to to T is bounded by

Mh? T Mh 23
n——=(T —t)— (23)
This argument is not complete since it does not take into account the effect that an error
at one step will have in succeeding steps. Nevertheless it can be shown that the global
truncation error in using the Euler method on a finite interval is no greater than a constant
times /. The Euler method is called a first order method because its global truncation error
is proportional to the first power of the step size.

Because it is more accessible, we will hereafter use the local truncation error as our
principal measure of the accuracy of a numerical method and for comparing different
methods. If we have a priori information about the solution of the given initial value problem,
we can use the result (20) to obtain more precise information about how the local truncation
error varies with 7. As an example, consider the illustrative problem

Yy =1—1t+4y, y»0)=1 24)

on the interval 0 <7 < 2. Let y = ¢(f) be the solution of the initial value problem (24).

Then, as noted previously,
¢(1) = (4 — 3+ 19¢*)/16

and therefore
@' (1) = 19¢*.

Equation (20) then states that

19¢* h? _
enil = — t, <t, <t,+h. (25)
The appearance of the factor 19 and the rapid growth of ¥ explain why the results in Table
2.6.1 are not very accurate.

For instance, using # = 0.05, the error in the first step is

19¢%(0.0025)

el =¢(t) —y1 = 3 , 0 <7y < 0.05.
It is clear that e is positive, and since ¢** < €2, we have
19¢%2(0.0025
o) < 126700029 4 52901, (26)

- 2

Note also that ¢*® > 1; hence ¢; > 19(0.0025)/2 = 0.02375. The actual error is 0.02542.
It follows from Eq. (25) that the error becomes progressively worse with increasing ¢. This
is also clearly shown by the results in Table 2.6.1. Similar computations for bounds for the
local truncation error give

19¢3(0.0025)
— 2 =

4
_ 19¢%(0.0025)

1.0617 = e < 5 =~ 1.2967 27)
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in going from 0.95 to 1.0 and

19¢7-4(0.0025)
—2 =

8
_ 1o (02.0025)

57.96 = ea = 70.80 (28)

in going from 1.95 to 2.0.

These results indicate that, for this problem, the local truncation error is about 2500
times larger near + = 2 than near ¢ = 0. Thus, to reduce the local truncation error to an
acceptable level throughout 0 < ¢ < 2, one must choose a step size 4 based on an analysis
near ¢ = 2. Of course, this step size will be much smaller than necessary near # = 0. For
example, to achieve a local truncation error of 0.01 for this problem, we need a step size of
about 0.00059 near ¢ = 2 and a step size of about 0.032 near # = 0. The use of a uniform step
size that is smaller than necessary over much of the interval results in more calculations
than necessary, more time consumed, and possibly more danger of unacceptable round-off
errors.

Another approach is to keep the local truncation error approximately constant throughout
the interval by gradually reducing the step size as ¢ increases. In the example problem, we
would need to reduce 4 by a factor of about 50 in going from # = 0 to # = 2. A method that
provides for variations in the step size is called adaptive. All modern computer codes for
solving differential equations have the capability of adjusting the step size as needed. We
will return to this question in the next section.

PROBLEMS
EE BB EEEEEEEEEEEEEENERn

In each of Problems 1 through 6, find approximate val- 13. Complete the calculations leading to the entries in

ues of the solution of the given initial value problem at

columns three and four of Table 2.6.1.

t=0.1,0.2,0.3, and 0.4. 14. Using three terms in the Taylor series given in

(a) Use the Euler method with 2 = 0.05.
(b) Use the Euler method with 2 = 0.025.

Eq. (12) and taking # = 0.1, determine approxi-
mate values of the solution of the illustrative ex-
ample yy =1—1¢+4y, y(0) =1 at r = 0.1 and

A —
1.y L 3+t-y, y(0) =1 0.2. Compare the results with those using the
2.y =5t =3y, y(0) =2 Euler method and with the exact values.
3.y =2y -3t »0)=1 Hint: Ify = f(t, y), what is y'?
4y =2+e, y(0)=1 In each of Problems 15 and 16, estimate the local trun-
5. ) = 0’2 +2ty)/(3 + t2)7 y(0)=0.5 cation error for the Euler method in terms of the solu-
6. y' = (2 — y*)siny, y(0) = -1 tion y = ¢(f). Obtain a bound for e, | in terms of ¢ and

In each of Problems 7 through 12, find approximate
values of the solution of the given initial value problem
atr=0.5,1.0, 1.5, and 2.0.

(a) Use the Euler method with 2 = 0.025.
(b) Use the Euler method with 2 = 0.0125.
7.y =05—1t+2y, y(0)=1
8.y =5t-3/y, y(0)=2
9. y'=Ji+y, »(0)=3
10. y =2t +e?, y(0)=1
1Ly =@ —0)/(1+)7,  y(0) =2
12. y' = (p? +2t9)/(3 + 12), ¥(0) = 0.5

¢(¢) that is valid on the interval 0 < ¢ < 1. By using a
formula for the solution, obtain a more accurate error
bound for e, . For & = 0.1, compute a bound for ¢,
and compare it with the actual error at = 0.1. Also
compute a bound for the error e4 in the fourth step.

15. y' =2y — 1, »0)=1
16. y =05—1+2y, p0)=1

In each of Problems 17 through 20, obtain a formula
for the local truncation error for the Euler method in
terms of ¢ and the solution ¢.

17. y' =12 4+ y?, y(0) =1
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18.
19.
20.
21.

22.

23.

Y =5t =3/, y(0)=2
V=Jity, yH)=3

Y =2t+e", y(0)=1
Consider the initial value problem

y' = cos5nt, y(0)=1.

(a) Determine the solution y = ¢(¢) and draw a
graph of y = ¢(¢) for 0 <t < 1.

(b) Determine approximate values of ¢(f) at
t = 0.2, 0.4, and 0.6 using the Euler method
with 2 = 0.2. Draw a broken-line graph for the
approximate solution and compare it with the
graph of the exact solution.

(c) Repeat the computation of part (b) for
0<t <04, buttake 1 =0.1.

(d) Show by computing the local truncation error
that neither of these step sizes is sufficiently
small. Determine a value of /2 to ensure that the
local truncation error is less than 0.05 through-
out the interval 0 < ¢ < 1. That such a small
value of 4 is required results from the fact that
max |¢”(¢)] is large.

Using a step size 4 = 0.05 and the Euler method,

but retaining only three digits throughout the com-

putations, determine approximate values of the so-
lution at t = 0.1, 0.2, 0.3, and 0.4 for each of the
following initial value problems.

@ y =1—1+4y, y(0) =1
(b) y' =3+1-y, y(0)=1
(© y =2y -3t y(0) =1

Compare the results with those obtained in Ex-
ample 1 and in Problems 1 and 3. The small dif-
ferences between some of those results rounded
to three digits and the present results are due to
round-off error. The round-off error would be-
come important if the computation required many
steps.

The following problem illustrates a danger that
occurs because of round-off error when nearly
equal numbers are subtracted and the difference
is then multiplied by a large number. Evaluate the
quantity

6.010
2.004

18.04
6.000

1000 -

in the following ways:

(a) First round each entry in the determinant to
two digits.

24.

25.

(b) First round each entry in the determinant to
three digits.

(¢) Retain all four digits. Compare this value with
the results in parts (a) and (b).

The distributive law a(b — ¢) = ab — ac does not
hold, in general, if the products are rounded off to a
smaller number of digits. To show this in a specific
case, take a = 0.22, b = 3.19, and ¢ = 2.17. After
each multiplication, round off the last digit.

In this section, we stated that the global trunca-
tion error for the Euler method applied to an initial
value problem over a fixed interval is no more than
a constant times the step size 4. In this problem,
we show you how to obtain some experimental ev-
idence in support of this statement. Consider the
initial value problem in Example 1 for which some
numerical approximations are given in Table 2.6.1.
Observe that, for each step size, the maximum er-
ror E occurs at the end point # = 2. Now let us
assume that £ = Ch”, where the constants C and
p are to be determined. By taking the logarithm of
each side of this equation, we obtain

InE=InC+ plnh,

which is the equation of a straight line in the
(In &) (In E)-plane. The slope of this line is the
value of the exponent p and the intercept on the In
E-axis determines the value of C.

(a) Using the data in Table 2.6.1, calculate the
maximum error £ for each of the given val-
ues of 4.

(b) Plot In £ versus In £ for the four data points
that you obtained in part (a).

(¢) Do the points in part (b) lie approximately on
a single straight line? If so, then this is ev-
idence that the assumed expression for E is
correct.

(d) Estimate the slope of the line in part (c). If the
statement in the text about the magnitude of
the global truncation error is correct, then the
slope should be no greater than one.

Note: Your estimate of the slope p depends on
how you choose the straight line. If you have a
curve fitting routine in your software, you can use
it to determine the straight line that best fits the
data. Otherwise, you may wish to resort to less
precise methods. For example, you could calcu-
late the slopes of the line segments joining (one or
more) pairs of data points, and then average your
results.
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2.7 Improved Euler and
Runge—-Kutta Methods

Since for many problems the Euler method requires a very small step size to produce
sufficiently accurate results, much effort has been devoted to the development of more
efficient methods. In this section, we will discuss two of these methods. Consider the initial

alue problem
vauep Y= fy),  wt)=x (1)

and let y = ¢(#) denote its solution. Recall from Eq. (10) of Section 2.6 that, by integrating
the given differential equation from 7, to 7, ;, we obtain

It

P(tn1) = @(tn) + Sl ()] dt. 2

In

The Euler formula

Ynt1 =Y + hf(tn’ yn) (3)
is obtained by replacing f[¢, ¢(7)] in Eq. (2) by its approximate value f(z,, y,) at the left
endpoint of the interval of integration.

Improved Euler Formula. A better approximate formula can be obtained if the integrand in Eq. (2)
is approximated more accurately. One way to do this is to replace the integrand by the
average of its values at the two endpoints, namely, { /[t,, @(t,)] + ftnr1, ¢(tn1)]}/2. This
is equivalent to approximating the area under the curve in Figure 2.7.1 between t = ¢, and
t = t,41 by the area of the shaded trapezoid. Further, we replace ¢(t,) and ¢(#,1) by their
respective approximate values y, and y, . In this way we obtain, from Eq. (2),

f(ti’lv yn) + f(trH-l» yn+l)h
) .

Yn+l = Yn + (4)

y y' = flt, o(t)]

f[tn+1v¢(tn+1)] I
1
Lty 0] +
flty, 0, )1}

|

9%} t

flt,, o)~

FlelfI=IVA I Derivation of the improved Euler method.

Since the unknown y,,| appears as one of the arguments of / on the right side of Eq. (4),
this equation defines y,4; implicitly rather than explicitly. Depending on the nature of the
function £, it may be fairly difficult to solve Eq. (4) for y,,+;. This difficulty can be overcome
by replacing y, on the right side of Eq. (4) by the value obtained using the Euler formula

(3). Thus [ ) F Sl A b v B (1, )]
Vn+l = Vn + ) h

fot S+ R0 +1S),
2 9

=y, + ©)

where 7,1 has been replaced by ¢, + .
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Equation (5) gives an explicit formula for computing y,., the approximate value of
¢ (ty+1), in terms of the data at ¢,. This formula is known as the improved Euler formula
or the Heun formula. The improved Euler formula is an example of a two-stage method;
that is, we first calculate y,, + Af’, from the Euler formula and then use this result to calculate
Va1 from Eq. (5). The improved Euler formula (5) does represent an improvement over the
Euler formula (3) because the local truncation error in using Eq. (5) is proportional to /3,
whereas for the Euler method it is proportional to 42. This error estimate for the improved
Euler formula is established in Problem 17. It can also be shown that for a finite interval
the global truncation error for the improved Euler formula is bounded by a constant times
h?, so this method is a second order method. Note that this greater accuracy is achieved at
the expense of more computational work, since it is now necessary to evaluate f (¢, y) twice
in order to go from #, to £, .

Iff(z, y) depends only on 7 and not on y, then solving the differential equationy’ = f(z, y)
reduces to integrating f(¢). In this case, the improved Euler formula (5) becomes

Y1 = Yo = R/ @) + [ (ta + 1], (6)

which is just the trapezoid rule for numerical integration.

EEEN
EXAMPLE
1

Use the improved Euler formula (5) to calculate approximate values of the solution of the
initial value problem Vo= 1=t +4y, Y0 = 1. )

To make clear exactly what computations are required, we show a couple of steps in
detail. For this problem f(¢, y) =1 — ¢ + 4y; hence

fa=1—1t,+4y,

and Fltn + o v+ 1) = 1= (g + 1) + 400 + hfo).

Further, tp = 0,y9 = 1,and fo = 1 — ty + 4yo = 5. If h = 0.025, then
S(to+h,yo+hfo) =1—0.025 +4[1 4 (0.025)(5)] = 5.475.
Then, from Eq. (5),
y1 =14(0.5)(5 4+ 5.475)(0.025) = 1.1309375. )]
At the second step we must calculate
Sf1=1—0.025 4 4(1.1309375) = 5.49875,
y1i+hfi = 1.1309375 + (0.025)(5.49875) = 1.26840625,

and f(t v +hfi) = 1 — 0.05 + 4(1.26840625) = 6.023625.

Then, from Eq. (5),
y2 = 1.1309375 + (0.5)(5.49875 4 6.023625)(0.025) = 1.2749671875. )

Further results for 0 <¢ <2 obtained by using the improved Euler method with
h = 0.025 and & = 0.01 are given in Table 2.7.1. To compare the results of the improved
Euler method with those of the Euler method, note that the improved Euler method requires
two evaluations of / at each step, whereas the Euler method requires only one. This is signif-
icant because typically most of the computing time in each step is spent in evaluating f', so
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counting these evaluations is a reasonable way to estimate the total computing effort. Thus,
for a given step size &, the improved Euler method requires twice as many evaluations of
f as the Euler method. Alternatively, the improved Euler method for step size / requires the
same number of evaluations of /" as the Euler method with step size //2.

m A comparison of results using the Euler and improved Euler methods for the initial value
TABLE 2.7.1 problem y' =1 —¢ + 4y, y(0) = 1.

Euler Improved Euler
t h=0.01 h=0.001 h=0.025 h=0.01 Exact
0 1.0000000 1.0000000 1.0000000 1.0000000 1.0000000
0.1 1.5952901 1.6076289 1.6079462 1.6088585 1.6090418

0.2 2.4644587 2.5011159 2.5020618 2.5047827 2.5053299
0.3 3.7390345 3.8207130 3.8228282 3.8289146 3.8301388
0.4 5.6137120 5.7754845 5.7796888 5.7917911 5.7942260
0.5 8.3766865 8.6770692 8.6849039 8.7074637 8.7120041
1.0 60.037126 64.382558 64.497931 64.830722 64.897803
1.5  426.40818 473.55979 474.83402 478.51588 479.25919
2.0 3029.3279 3484.1608 3496.6702 3532.8789 3540.2001

By referring to Table 2.7.1, you can see that the improved Euler method with # = 0.025
gives much better results than the Euler method with # = 0.01. Note that to reach t = 2
with these step sizes, the improved Euler method requires 160 evaluations of f, while the
Euler method requires 200. More noteworthy is that the improved Euler method with 2 =
0.025 is also slightly more accurate than the Euler method with # = 0.001 (2000 evaluations
of ). In other words, with something like one-twelfth of the computing effort, the improved
Euler method yields results for this problem that are comparable to, or a bit better than,
those generated by the Euler method. This illustrates that, compared to the Euler method,
the improved Euler method is clearly more efficient, yielding substantially better results or
requiring much less total computing effort, or both.

The percentage errors at t = 2 for the improved Euler method are 1.23% for 42 = 0.025
and 0.21% for 2 = 0.01.

Variation of Step Size. InSection 2.6, we mentioned the possibility of adjusting the step size as a calculation
proceeds so as to maintain the local truncation error at a more or less constant level. The
goal is to use no more steps than necessary and, at the same time, to keep some control over
the accuracy of the approximation. Here we will describe how this can be done. Suppose
that after n steps we have reached the point (#,, y,). We choose a step size 4 and calculate
Vn+1- Next we need to estimate the error we have made in calculating y,;. Not knowing
the actual solution, the best that we can do is to use a more accurate method and repeat the
calculation starting from (¢,, y,). For example, if we used the Euler method for the original
calculation, we might repeat it with the improved Euler method. Then the difference between
the two calculated values is an estimate e$%, of the error in using the original method. If
the estimated error is different from the error tolerance €, then we adjust the step size and
repeat the calculation. To make this adjustment efficiently, it is crucial to know how the local
truncation error e, depends on the step size 4. For the Euler method, the local truncation
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error is proportional to 42, so to bring the estimated error down (or up) to the tolerance level
€, we must multiply the original step size by the factor Ve /eS|
To illustrate this procedure, consider the example problem (7):

Vv =1—t+4y, y(0) = 1.

You can verify that after one step with 2 = 0.1 we obtain the values 1.5 and 1.595 from
the Euler method and the improved Euler method, respectively. Thus the estimated error in
using the Euler method is 0.095. If we have chosen an error tolerance of 0.05, for instance,
then we need to adjust the step size downward by the factor 4/0.05/0.095 = 0.73. Rounding
downward to be conservative, let us choose the adjusted step size # = 0.07. Then, from the
Euler formula, we obtain

y1 =1+ (0.07) (0, 1) = 1.35 = ¢(0.07).

Using the improved Euler method, we obtain y; = 1.39655, so the estimated error in using
the Euler formula is 0.04655, which is slightly less than the specified tolerance. The actual
error, based on a comparison with the solution itself, is somewhat greater, namely, 0.05122.

We can follow the same procedure at each step of the calculation, thereby keeping the local
truncation error approximately constant throughout the entire numerical process. Modern
adaptive codes for solving differential equations adjust the step size as they proceed in very
much this way, although they use more accurate formulas than the Euler and improved Euler
formulas. Consequently, they are able to achieve both efficiency and accuracy by using very
small steps only where they are really needed.

Runge—Kutta Method. The Euler and improved Euler methods belong to what is now called the Runge—
Kutta class of numerical approximation methods. Here we discuss the method originally
developed by Runge and Kutta. This method is now called the classic fourth order, four-
stage Runge—Kutta method, but it is often referred to simply as the Runge—Kutta method,
and we will follow this practice for brevity. This method has a local truncation error that is
proportional to #°. Thus it is two orders of magnitude more accurate than the improved Euler
method and three orders of magnitude better than the Euler method. It is relatively simple
to use and is sufficiently accurate to handle many problems efficiently. This is especially
true of adaptive Runge—Kutta methods, in which provision is made to vary the step size as
needed. We return to this issue at the end of the section.

The Runge—Kutta method involves a weighted average of values of f(¢, y) at different
points in the interval 7, <t < t,,. It is given by

Jout + 2k + 2k + ko
tn+1 =tn+ha Yn+1 = Vn +h( ! 2 6 3 4), (10)
where knl — f(tn’J/n)
kn2=f Zrl"i_lh:yn'i_lhknl s
(o 0+ 300 .

knz = f (tn + %hv Yn + %han) )
kn4 = f(tn + h, Vn +hkn3)

The sum (k,,; + 2k, + 2k,3 + kng)/6 can be interpreted as an average slope. Note that &,
is the slope at the left end of the interval, k,; is the slope at the midpoint using the Euler
formula to go from ¢, to ¢, + h/2, k3 is a second approximation to the slope at the midpoint,
and k,4 is the slope at ¢, + & using the Euler formula and the slope 4,3 to go from ¢, to
t, + h.
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Although in principle it is not difficult to show that Eq. (10) differs from the Taylor
expansion of the solution ¢ by terms that are proportional to 4°, the algebra is rather
lengthy.!® Thus we will simply accept the fact that the local truncation error in using
Eq. (10) is proportional to /#° and that for a finite interval the global truncation error is at
most a constant times 4#*. The earlier description of this method as a fourth order, four-stage
method reflects the facts that the global truncation error is of fourth order in the step size /
and that there are four intermediate stages in the calculation (the calculation of k,,1, . . ., ku4).

Clearly, the Runge—Kutta formula, Eqs. (10) and (11), is more complicated than the
formulas discussed previously. This is of relatively little significance, however, since it is
not hard to write a computer program to implement this method. Such a program has the
same structure as the algorithm for the Euler method outlined in Section 1.3.

Note that if / does not depend on y, then

knl = f(tn)a an = kn3 = f(tn + h/Z), kn4 = f(tn + ]’l), (12)
and Eq. (10) reduces to
Ynet = Y = (h/O) [f(ta) +4f (ta + h/2) + f(ty + h)]. (13)

Equation (13) can be identified as Simpson’s rule for the approximate evaluation of the
integral of )’ = f(£). The fact that Simpson’s rule has an error proportional to /> is consistent
with the local truncation error in the Runge—Kutta formula.

EEEN
EXAMPLE
2

Use the Runge—Kutta method to calculate approximate values of the solution y = ¢(¢) of

the initial value problem
y=1-t+4y, y0)=1 (14)

Taking & = 0.2, we have

koy = f(0,1)=5;  hko = 1.0,

koo = f(0+0.1,140.5) =6.9; hko = 1.38,

ko3 = f(0+0.1,1+0.69) = 7.66;  hko3 = 1.532,
koa = f(O+0.2,1+1.532) =10.928.

Thus

y1 = 14 (0.2/6)[5 + 2(6.9) + 2(7.66) + 10.928]
=1+ 1.5016 = 2.5016.

Further results using the Runge—Kutta method with 2 = 0.2, # = 0.1, and # = 0.05 are
given in Table 2.7.2. Note that the Runge—Kutta method yields a value at 1 = 2 that differs
from the exact solution by only 0.122% if the step size is # = 0.1, and by only 0.00903% if
h = 0.05. In the latter case, the error is less than one part in ten thousand, and the calculated
value at f = 2 is correct to four digits.

For comparison, note that both the Runge—Kutta method with /# = 0.05 and the improved
Euler method with 2 = 0.025 require 160 evaluations of f to reach ¢ = 2. The improved
Euler method yields a result at # = 2 that is in error by 1.23%. Although this error may be

19See, for example, Chapter 3 of the book by Henrici listed in the references.
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acceptable for some purposes, it is more than 135 times the error yielded by the Runge—
Kutta method with comparable computing effort. Note also that the Runge—Kutta method
with 2 = 0.2, or 40 evaluations of f, produces a value at t = 2 with an error of 1.40%,
which is only slightly greater than the error in the improved Euler method with 2 = 0.025,
or 160 evaluations of /. Thus we see again that a more accurate algorithm is more efficient;
it produces better results with similar effort, or similar results with less effort.

m A comparison of results using the improved Euler and Runge—Kutta methods for the

TABLE 2.7.2 initial value problem y’ = 1 — ¢ + 4y, y(0) = 1.

Improved Euler Runge—Kutta Exact
t h=0.025 h=02 h=0.1 h=0.05

0 1.0000000 1.0000000 1.0000000 1.0000000 1.0000000
0.1 1.6079462 1.6089333 1.6090338 1.6090418
0.2 2.5020618 2.5016000 2.5050062 2.5053060 2.5053299
0.3 3.8228282 3.8294145 3.8300854 3.8301388
0.4 5.7796888 5.7776358 5.7927853 5.7941197 5.7942260
0.5 8.6849039 8.7093175 8.7118060 8.7120041
1.0 64.497931 64.441579 64.858107 64.894875 64.897803
1.5 474.83402 478.81928 479.22674 479.25919
2.0 3496.6702 3490.5574 3535.8667 3539.8804 3540.2001

The classic Runge—Kutta method suffers from the same shortcoming as other methods
with a fixed step size for problems in which the local truncation error varies widely over
the interval of interest. That is, a step size that is small enough to achieve satisfactory
accuracy in some parts of the interval may be much smaller than necessary in other parts
of the interval. This has stimulated the development of adaptive Runge—Kutta methods that
provide for modifying the step size automatically as the computation proceeds, so as to
maintain the local truncation error near or below a specified tolerance level. As explained
earlier in this section, this requires the estimation of the local truncation error at each step.
One way to do this is to repeat the computation with a fifth order method—which has a
local truncation error proportional to #%—and then to use the difference between the two
results as an estimate of the error. If this is done in a straightforward (unsophisticated)
manner, then the use of the fifth order method requires at least five more evaluations of '
at each step, in addition to those required originally by the fourth order method. However,
if we make an appropriate choice of the intermediate points and the weighting coefficients
in the expressions for k,, ... in a certain fourth order Runge—Kutta method, then these
expressions can be used again, together with one additional stage, in a corresponding fifth
order method. This results in a substantial gain in efficiency. It turns out that this can be done
in more than one way.!! The resulting adaptive Runge—Kutta methods are very powerful and
efficient means of numerically approximating the solutions of an enormous class of initial
value problems. Specific implementations of one or more of them are widely available in
commercial software packages.

The first widely used fourth and fifth order Runge—Kutta pair was developed by Erwin Fehlberg in
the late 1960s. Its popularity was considerably enhanced by the appearance in 1977 of its Fortran imple-
mentation RKF45 by Lawrence F. Shampine and H. A. Watts.



2.7 Improved Euler and Runge—Kutta Methods | 113

PROBLEMS
EE BB EEEEEEEEEEEEEENERn

In each of Problems 1 through 6, find approximate val-
ues of the solution of the given initial value problem
att= 0.1, 0.2, 0.3, and 0.4. Compare the results with
those obtained by the Euler method in Section 2.6 and
with the exact solution (if available).

(a) Use the improved Euler method with 2 = 0.05.
(b) Use the improved Euler method with 2 = 0.025.
(¢) Use the improved Euler method with 2 = 0.0125.
(d) Use the Runge—Kutta method with 7 = 0.1.

(e) Use the Runge—Kutta method with 2 = 0.05.

1.y =3+t—y, »0)=1

2.y =5t-3/y, y0)=2

3.y =2y —3t, y(0)=1

4.y =2t +e ", y(0)=1

5.9 =% +2ty)/3 +13), ¥(0) = 0.5
6. y' =(@*—yH)siny,  y0)=-1

In each of Problems 7 through 12, find approximate
values of the solution of the given initial value problem
att=0.5,1.0, 1.5, and 2.0.

(a) Use the improved Euler method with 2 = 0.025.
(b) Use the improved Euler method with 2 = 0.0125.
(¢) Use the Runge—Kutta method with 2 = 0.1.

(d) Use the Runge—Kutta method with # = 0.05.

7.y =0.5—142y, y(0) =1
8.y =5—3/5.  y(0)=2
9. V' =yi+y, y(0)=3
10. y =2t+e 7, y(0)=1
1Ly = @4 —)/(1+y7), »(0)=-2

12. Yy =02 +2t0)/B+1%),  y(0)=05
13. Complete the calculations leading to the entries in
columns four and five of Table 2.7.1.

14. Confirm the results in Table 2.7.2 by executing the
indicated computations.

15. Consider the initial value problem

y =24y, p(0)=1.

(a) Draw a direction field for this equation.

(b) Use the Runge—Kutta method to find approxi-
mate values of the solution at r = 0.8, 0.9, and
0.95. Choose a small enough step size so that
you believe your results are accurate to at least
four digits.

(¢) Try to extend the calculations in part (b) to
obtain an accurate approximation to the solu-
tion at + = 1. If you encounter difficulties in
doing this, explain why you think this hap-
pens. The direction field in part (a) may be
helpful.

16. Consider the initial value problem

V' =3/3y* =4,  y0)=0.

(a) Draw a direction field for this equation.

(b) Estimate how far the solution can be extended
to the right. Let #), be the right endpoint of
the interval of existence of this solution. What
happens at ¢, to prevent the solution from con-
tinuing farther?

(¢) Usethe Runge—Kutta method with various step
sizes to determine an approximate value ofz;,.

(d) If you continue the computation beyond ¢y,
you can continue to generate values of y.
What significance, if any, do these values
have?

(e) Suppose that the initial condition is changed
to ¥(0) = 1. Repeat parts (b) and (c) for this
problem.

17. In this problem, we establish that the local trunca-
tion error for the improved Euler formula is pro-
portional to /3. If we assume that the solution ¢ of
the initial value problem y' = f(t, y), ¥(to) = yo has
derivatives that are continuous through the third or-
der (f has continuous second partial derivatives),
then it follows that

Bty + 1) = () + 9/l + 30
¢/// ?n)
+ 3 h,

where t, < 1, < t, + h. Assume that y, = ¢(2,).
(a) Show that, for y,; as given by Eq. (5),
entl = P(tnt1) — Yt

_ " (tn)h — {flta + 1, yu + hf (80, va)] = f(ta, yn)}
2!

h

¢///(;n)h3 )
ET ®
(b) Making use of the facts that ¢”(¢) =

Silt, 9] + fylt, ¢(1)]¢'(t) and  that the
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Taylor approximation with a remainder for a
function F(¢, y) of two variables is

F(a+h,b+k) = F(a, b)+ Fi(a, b)h

where & lies between a and a + & and n lies
between b and b + k, show that the first term  19. )" =2y — 1, y(0) =1
on the right side of Eq. (i) is proportional to
h? plus higher order terms. This is the desired
result.

(c) Show that if f(¢, y) is linear in ¢ and y, then
ens1 = @ (1,)h3 /6, wheret, <1, < t,,1.

Hint: What are f;;, fi,, and f,?

Chapter 2 First Order Differential Equations

In each of Problems 19 and 20, use the actual solution
¢ () to determine e, and a bound for e,,;; at any step

+F,(a, b)k on 0 <t <1 for the improved Euler method for the
! given initial value problem. Also obtain a bound for e;
+—'(h2 F, + 2hkF,, + k2 F,,) for 7 = 0.1, and compare it with the similar estimate
2! x=£.y=n for the Euler method and with the actual error using

the improved Euler method.

20. y'=05—1+2y, y(0)=1

18. Consider the improved Euler method for solving  gatisfy this requirement at the first step.
the illustrative initial value problem y' =1 — ¢ + )
4y, ¥(0) = 1. Using the result of Problem 17(c) ~ 21- »'=0.5—1+2y, y(0)=1
and the exact solution of the initial value problem, 22. y =5t -3/, y(0) =2
determine e, ; and a bound for the error at any ,
stepon 0 < ¢ < 2. Compare this error with the one 3.y =Vttt y(0)=3

obtained in Eq. (25) of Section 2.6 using the Euler ~ 24. ' = (y* + 2ty)/(3 + 12), y(0) = 0.5

CHAPTER SUMMARY

In this chapter we discuss a number of special solution methods for first order equa-
tions dy/dt = f(t, y). The most important types of equations that can be solved ana-
lytically are linear, separable, and exact equations. For equations that cannot be solved
by symbolic analytic methods, it is necessary to resort to geometrical and numerical
methods.

Some aspects of the qualitative theory of differential equations are also introduced in this
chapter: existence and uniqueness of solutions; stability properties of equilibrium solutions
to autonomous equations.

Section 2.1 Separable Equations M(x)+ N(y)dy/dx = 0 can be solved by
direct integration.

Section 2.2 We discuss mathematical models for several types of problems that lead
to either linear or separable equations: mixing tanks, compound interest, projectile motion,
heating and cooling, and radioactive decay.

Section 2.3 Qualitative Theory existence and uniqueness of solutions to initial
value problems.

P Conditions guaranteeing existence and uniqueness of solutions are given in Theorems
2.3.1 and 2.3.2 for linear and nonlinear equations, respectively.

method. Also obtain a bound for e, for 2 = 0.05,
and compare it with Eq. (26) of Section 2.6.

In each of Problems 21 through 24, carry out one step
of the Euler method and of the improved Euler method,
using the step size & = 0.1. Suppose that a local trunca-
tion error no greater than 0.0025 is required. Estimate
the step size that is needed for the Euler method to
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P We show examples of initial value problems where solutions are not unique or become
unbounded in finite time.

Section 2.4 Qualitative Theory autonomous equations, equilibrium solutions,
and their stability characteristics.

P Autonomous equations are of the form dy/dt = f(y).
P> Critical points (equilibrium solutions) are solutions of f(y) = 0.

P Whether an equilibrium solution is asymptotically stable or unstable determines to a
great extent the long-time (asymptotic) behavior of solutions.

Section 2.5 Exact Equations M(x, y)dx + N(x, y)dy = 01is exact if and only if
IM/dy = IN/ox.

P> Direct integration of an exact equation leads to implicitly defined solutions F(x, y) = ¢
where 0 F/0x = M and 0F/dy = N.

P> Some differential equations can be made exact if a special integrating factor can be
found.

Section 2.6

P> Numerical approximations to solutions of initial value problems involve two types of
error: (i) truncation error (local and global), and (ii) round-off error.

P> For the Euler method, the global truncation error is proportional to the step size 4 and
the local truncation error is proportional to /2.

Section 2.7 Two numerical approximation methods more sophisticated and efficient
than the Euler method, the improved Euler method and the Runge-Kutta method, are
described and illustrated by examples.

A B E BN NN EEEEEEEEENEN
PROJECTS  Project 1 Harvesting a Renewable Resource

Suppose that the population y of a certain species of fish (e.g., tuna or halibut) in a given
area of the ocean is described by the logistic equation

dy/dt =r(1 —y/K)y.

If the population is subjected to harvesting at a rate H(y, ) members per unit time, then the
harvested population is modeled by the differential equation

dyfdt =r(1 —y/K)y — H(y, ). (M

Although it is desirable to utilize the fish as a food source, it is intuitively clear that if too
many fish are caught, then the fish population may be reduced below a useful level and
possibly even driven to extinction. The following problems explore some of the questions
involved in formulating a rational strategy for managing the fishery.
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Project 1 PROBLEMS

1. Constant Effort Harvesting. At a given level of

independent of the size of the fish population, that

effort, it is reasonable to assume that the rate at
which fish are caught depends on the population
y: the more fish there are, the easier it is to catch
them. Thus we assume that the rate at which fish are
caught is given by H(y, t) = Ey, where E is a pos-
itive constant, with units of 1/time, that measures
the total effort made to harvest the given species of
fish. With this choice for H(y, t), Eq. (1) becomes

dy/dt =r(1 —y/K)y — Ey. (1)

This equation is known as the Schaefer model after
the biologist M. B. Schaefer, who applied it to fish
populations.

(a) Show that if £ < r, then there are two equilib-
rium points, y; =0 and y,=K(1 —E/r) > 0.

(b) Show that y = y; is unstable and y = y, is
asymptotically stable.

(c) A sustainable yield Y of the fishery is a rate at
which fish can be caught indefinitely. It is the
product of the effort £ and the asymptotically
stable population y,. Find Y as a function of the
effort £. The graph of this function is known as
the yield—effort curve.

(d) Determine E so as to maximize Y and thereby
find the maximum sustainable yield V.

. Constant Yield Harvesting. In this problem, we
assume that fish are caught at a constant rate &

is, the harvesting rate H(y, t) = h. Then y satisfies
dy/dt =r(l —y/K)y —h = f(y). (i)

The assumption of a constant catch rate # may be
reasonable when y is large but becomes less so when
y is small.

(a) If h < rK /4, show that Eq. (ii) has two equilib-
rium points y; and y, with y; < y,; determine
these points.

(b) Show that y; is unstable and y; is asymptotically
stable.

(¢) Fromaplot of f(y) versus y, show that if the ini-
tial population yg > yq, then y — y, as t — oo,
but if yy < yi, then y decreases as ¢ increases.
Note that y = 0 is not an equilibrium point, so
if yo < y1, then extinction will be reached in a
finite time.

(d) If h > rK /4, show that y decreases to zero as ¢
increases regardless of the value of yy.

(e) If = rK/4, show that there is a single equi-
librium point y = K/2 and that this point is
semistable (see Problem 7, Section 2.4). Thus
the maximum sustainable yield is 4, = rK/4,
corresponding to the equilibrium valuey = K /2.
Observe that 4, has the same value as Y,, in
Problem 1(d). The fishery is considered to be
overexploited if y is reduced to a level below
K/2.

Project 2 Designing a Drip Dispenser for a Hydrology Experiment

In order to make laboratory measurements of water filtration and saturation rates in various
types of soils under the condition of steady rainfall, a hydrologist wishes to design drip
dispensing containers in such a way that the water drips out at a nearly constant rate. The
containers are supported above glass cylinders that contain the soil samples (Figure 2.P.1).
The hydrologist elects to use the following differential equation, based on Torricelli’s prin-
ciple (see Problem 6, Section 2.2), to help solve the design problem,

dh
A(h)z = —aa+/2gh. (1)

In Eq. (1), A(¢) is the height of the liquid surface above the dispenser outlet at time ¢,
A(h) is the cross-sectional area of the dispenser at height /4, a is the area of the outlet,
and « is a measured contraction coefficient that accounts for the observed fact that the
cross section of the (smooth) outflow stream is smaller than a. Note that the hydrologist
is using a laminar flow model as a guide in designing the shape of the container. Forces
due to surface tension at the tiny outlet are ignored in the design problem. Once the shape
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LSRN Water dripping into a soil sample.

of the container has been determined, the outlet aperture is adjusted to a desired drip rate
that will remain nearly constant for an extended period of time. Of course, since surface
tension forces are not accounted for in Eq. (1), the equation is not a valid model for the
output flow rate when the aperture is so small that the water drips out. Nevertheless, once
the hydrologist sees and interprets the results based on her design strategy, she feels justified

in using Eq. (1).

Project 2 PROBLEMS

1. Assume that the shape of the dispensers are surfaces
of revolution so that A(h) = 7 [r(h)]?, where r(h) is
the radius of the container at height /4. For each of the
h-dependent cross-sectional radii prescribed below
in ()—(v),

(a) Create a surface plot of the surface of revolu-
tion, and

(b) Find numerical approximations of solutions of
Eq. (1) for 0 < ¢ < 60:

i r(h)=ry, O<h<H
i. r(hy=ro+ (1 —roh/H, 0<h<H
. r(h)y =ro+ (r1 —ro)/h/H,
O0<h<H
. r(h) =roexp[(h/H)In(r1/ro)],
O0<h<H
H
v r(h) = — O<h<H

rH —(ri —ro)h’

Use the parameter values specified in the fol-
lowing table:

ro = 0.1 ft
r=1ft
a=20.6
a=0.1f

In addition, use the initial condition #(0) = H,
where the initial height A of water in each of

the containers is determined by requiring that
the initial volume of water satisfies

H
V(0) = /0 ari(h) dh = 1 ft.

Determine the qualitative shape of the con-
tainer such that the output flow rate given by the
right-hand side of Eq. (1), Fr(t) = aa/2gh(t),
varies slowly during the early stages of the ex-
periment. As a design criterion, consider plot-
ting the ratio R = F(t)/Fr(0) for 0 < ¢ < 60,
where values of R near 1 are most desirable.
Based on the results of your computer experi-
ments, sketch the shape of what a suitable con-
tainer should look like.

2. After viewing the results of her computer experi-
ments, it slowly dawns on the hydrologist that the
“optimal shape” of the container is consistent with
what would be expected based on the conceptual-
ization that the water in the ideal container would
consist of a collection of small parcels of water of
mass m, all possessing the same amount of poten-
tial energy. If laboratory spatial constraints were not
an issue, what would be the ideal “shape” of each
container? Perform a computer experiment that sup-
ports your conclusions based on potential energy
considerations.
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Project 3 A Mathematical Model of a Groundwater Contaminant Source

Chlorinated solvents such as trichloroethylene (TCE) are a common cause of environmental
contamination'? at thousands of government and private industry facilities. TCE and other
chlorinated organics, collectively referred to as dense nonaqueous phase liquids (DNAPLs),
are denser than water and only slightly soluble in water. DNAPLs tend to accumulate as
a separate phase below the water table and provide a long-term source of groundwater
contamination. A downstream contaminant plume is formed by the process of dissolution
of DNAPL into water flowing through the source region, as shown in Figure 2.P.2.

.
N \\\ .
~ Sao Contaminant plume

Groundwater flow

velocity vy
_
—————————-
Cout = C(t)
—_—
_
B ———
—
\ Source mass
_— m(t)
\
—_—
\

Cross-sectional area A

FLelV =72  Conceptual model of DNAPL source.

In this project, we study a first order differential equation that describes the time-dependent
rate of dissolved contaminant discharge leaving the source zone and entering the plume.'?

Parameters and variables relevant to formulating a mathematical model of contaminant
discharge from the source region are defined in the following table:

A = cross-sectional area of the source region
vy = Darcy groundwater flow velocity'
m(t) = total DNAPL mass in source region

¢s(t) = concentration (flow averaged) of dissolved contaminant leaving
the source zone

I2R. W. Falta, Rao, P. S., and N. Basu, “Assessing the Impacts of Partial Mass Depletion in DNAPL Source
Zones: 1. Analytical Modeling of Source Strength Functions and Plume Response,” Journal of Contaminant
Hydrology 78, 4 (2005), pp. 259-280.

B3The output of this model can then be used as input into another mathematical model that, in turn, describes
the processes of advection, adsorption, dispersion, and degradation of contaminant within the plume.

4Tn porous media flow, the Darcy flow velocity v, is defined by vy = Q/ A, where A4 is a cross-sectional
area available for flow and Q is the volumetric flow rate (volume/time) through 4.
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mo = initial DNAPL mass in source region

co = source zone concentration (flow averaged) corresponding to an
initial source zone mass of m

The equation describing the rate of DNAPL mass discharge from the source region is

dm

W = —Asvqcy(t), (1)
whereas an algebraic relationship between c,(7) and m(¢) is postulated in the form of'a power
law,

o) _ [m@®7

Wl @

in which y > 0 is empirically determined. Combining Egs. (1) and (2) (Problem 1) yields
a first order differential equation

dm

2 —am? 3

7 am 3)
that models the dissolution of DNAPL into the groundwater flowing through the source

region.

Project 3 PROBLEMS

1. Derive Eq. (3) from Egs. (1) and (2) and show that 5. Effects of Partial Source Remediation.

o= vdASco/mg.

. Additional processes due to biotic and abiotic degra-
dation contributing to source decay can be ac-
counted for by adding a decay term to (3) that is
proportional to m(?),

m'(t) = —am? — Am, (1)

where A is the associated decay rate constant.
Find solutions of Eq. (i) using the initial condition
m(0) = mg for the following cases: (i) y = 1,
(i) y #land A =0, (iii) ¥ # 1 and A # 0. Then
find expressions for ¢,(¢) using Eq. (2).

Hint: Eq. (i) is a type of nonlinear equation known
as a Bernoulli equation. A method for solving
Bernoulli equations is discussed in Problem 27 of
Section 2.3.

. Show that when y > 1, the source has an infinite
lifetime, but if 0 < y < 1, the source has a finite
lifetime. In the latter case, find the time that the
DNAPL source mass attains the value zero.

. Assume the following values for the parameters:
my = 1620 kg, ¢y = 100 mg/L, 4, = 30 m?,
g = 20 m/yr, A = 0. Use the solutions obtained
in Problem 2 to plot graphs of ¢,(¢) for each of the
following cases: (i) y = 0.5 for 0 < ¢ < t,, where
¢s(ty) =0,and (i) y = 2 for 0 < ¢ < 100 years.

(a) Assume that a source remediation process re-
sults in a 90% reduction in the initial amount
of DNAPL mass in the source region. Repeat
Problem 4 with m( and ¢ in Eq. (2) replaced by
my = (0.1) mo and ¢; = (0.1)7 ¢, respectively.
Compare the graphs of ¢,(¢) in this case with the
graphs obtained in Problem 4.

(b) Assume that the 90% efficient source remedia-
tion process is not applied until #; = 10 years
have elapsed following the initial deposition of
the contaminant. Under this scenario, plot the
graphs of ¢,(¢) using the parameters and initial
conditions of Problem 4. In this case, use Eq. (2)
to compute concentration for 0 <t < 1.
Following remediation, use the initial condition
m(t;) =my = 0.1m(t; — 0) = 0.1 limy4,, m(¢)
for Eq. (i) and use the following modification
of Eq. (2),

cs(t) — [M]V , t>1, (11)

C1 mi

wherec; = (0.1)"e(#; — 0) = (0.1)Y limy4,, ()
to compute concentrations for times ¢ > 1.
Compare the graphs of ¢,(¢) in this case with the
graphs obtained in Problems 4 and 5(a). Can
you draw any conclusions about the possible
effectiveness of source remediation? If so, what
are they?
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Project 4 Monte Carlo Option Pricing: Pricing Financial
Options by Flipping a Coin
A discrete model for change in price of a stock over a time interval [0, 77 is

Sn+l =Sn+MSnAt+GSn8n+1V At, So =5, (1)

where S, = S(¢,) is the stock price attime ¢, = nAt, n=0,..., N —1,At =T/N, uis
the annual growth rate of the stock, and o is a measure of the stock’s annual price volatility
or tendency to fluctuate. Highly volatile stocks have large values for o, for example, values
ranging from 0.2 to 0.4. Each term in the sequence €1, &5, . .. takes on the value 1 or —1
depending on whether the outcome of a coin tossing experiment is heads or tails, respectively.
Thus, foreachn=1,2, ...,

1 with probability =

, . 2
—1 with probability =

Ep =

B— B —

A sequence of such numbers can easily be created by using one of the random number
generators available in most mathematical computer software applications. Given such a se-
quence, the difference equation (1) can then be used to simulate a sample path or trajectory
of stock prices, {s, S, Sz, ..., Sy}. The “random” terms o S, &, /At on the right-hand
side of (1) can be thought of as “shocks” or “disturbances” that model fluctuations in the
stock price. By repeatedly simulating stock price trajectories and computing appropriate
averages, it is possible to obtain estimates of the price of a European call option, a type of
financial derivative. A statistical simulation algorithm of this type is called a Monte Carlo
method.

A European call option is a contract between two parties, a holder and a writer, whereby,
for a premium paid to the writer, the holder acquires the right (but not the obligation) to
purchase the stock at a future date 7 (the expiration date) at a price K (the strike price)
agreed upon in the contract. If the buyer elects to exercise the option on the expiration date,
the writer is obligated to sell the underlying stock to the buyer at the price K. Thus the
option has, associated with it, a payoff function

£(S) = max (S — K, 0), 3)

where S = S(7) is the price of the underlying stock at the time 7" when the option expires
(see Figure 2.P.3).

K S

lmm The value of a call option at expiration is C = max(S — K, 0), where K is
the strike price of the option and S = S(7) is the stock price at expiration.
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Eq. (3) is the value of the option at time 7 since, if S(7) > K, the holder can purchase,
at price K, stock with market value S(7') and thereby make a profit equal to S(7) — K not
counting the option premium. If S(7') < K, the holder will simply let the option expire since
it would be irrational to purchase stock at a price that exceeds the market value. The option
valuation problem is to determine the correct and fair price of the option at the time that
the holder and writer enter into the contract.!”

To estimate the price of a call option using a Monte Carlo method, an ensemble

[S}(,‘) —sO(T), k=1,..., M]
of M stock prices at expiration is generated using the difference equation

SN =80 4 rSOAL + 0SB eW VAL,

S =, 4)

For each k = 1, ..., M, the difference equation (4) is identical to Eq. (1) except that the
growth rate p is replaced by the annual rate of interest » that it costs the writer to
borrow money. Option pricing theory requires that the average value of the payoffs

{ f (SX,{)), k=1,....M } be equal to the compounded total return obtained by investing

the option premium, C (s), at rate r over the life of the option,
LSS rogh NE
~ DAY =1+ rAnVEs). (5)
k=1
Solving (5) for C(s) yields the Monte Carlo estimate
. 1 ¥ %
C) = +ran™ { 2 f(SEJ)} (6)
k=1

for the option price. Thus the Monte Carlo estimate C(s) is the present value of the average
of the payoffs computed using the rules of compound interest.

Project 4 PROBLEMS

1. Show that Euler’s method applied to the differential Hint: For the ¢,’s it is permissible to use a random

equation number generator that creates normally distributed
@ — uS (i) random numbers with mean zero and variance one.
dt 3. Use the difference equation (4) to generate

yields Eq. (1) in the absence of random distur-
bances, that is, when o = 0.

. Simulate five sample trajectories of Eq. (1) for the
following parameter values and plot the trajectories
on the same set of coordinate axes: u = 0.12, 0 =
0.1,7=1,5 =940, N =254. Then repeat the exper-
iment using the value o = 0.25 for the volatility. Do
the sample trajectories generated in the latter case
appear to exhibit a greater degree of variability in
their behavior?

an ensemble of stock prices S;{,‘) = SO(NAL),
k=1,..., M (where T = NA t) and then use for-
mula (6) to compute a Monte Carlo estimate of the
value of a five month call option (7 = 15—2 years) for
the following parameter values: » = 0.06, 0 = 0.2,
and K = $50. Find estimates corresponding to cur-
rent stock prices of S(0) = s = $45, $50, and $55.
Use N = 200 time steps for each trajectory and
M = 10,000 sample trajectories for each Monte
Carlo estimate.'® Check the accuracy of your results

5The 1997 Nobel Prize in Economics was awarded to Robert C. Merton and Myron S. Scholes for their
work, along with Fischer Black, in developing the Black—Scholes options pricing model.

16 A5 a rule of thumb, you may assume that the sampling error in these Monte Carlo estimates is proportional
to 1/+/M. Using software packages such as MATLAB that allow vector operations where all M trajectories
can be simulated simultaneously greatly speeds up the calculations.
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by comparing the Monte Carlo approximation with
the value computed from the exact Black—Scholes
formula

s d K _.r dy
C(s) = = erfc (——) — — e erfc (——) ,
2 V2 2 V2

(i1)
where
1 K o?
= [ln(%>+(r+7> T],
d=dy —o T

and erfc(x) is the complementary error function,

fo(x) 2 foo ~dt
Cric(x ) = —— e .
NEE

. Variance Reduction by Antithetic Variates. A
simple and widely used technique for increasing
the efficiency and accuracy of Monte Carlo sim-
ulations in certain situations with little additional
increase in computational complexity is the method
of antithetic variates. For each k =1, ..., M, use

Chapter 2 First Order Differential Equations

the sequence {egk), ey 8(Nk)_l } in Eq. (4) to simulate

a payoff f (S%‘H) and also use the sequence
[—egk), ey —eg\l,c)_l ] in Eq. (4) to simulate an asso-
ciated payoff f (Sy,“)). Thus, the payoffs are sim-
ulated in pairs [ F(SED), f(S%H)}. A modified
Monte Carlo estimate is then computed by replac-
ing each payoff f (SX,{)) in Eq. (6) by the average
/Sy + 7Sy,

I % S8+ £y
M = 2

(1 +rAan¥N

Carts) = G

Use the parameters specified in Problem 3 to com-
pute several (say, 20 or so) option price estimates
using Eq. (6) and an equivalent number of option
price estimates using (iii). For each of the two meth-
ods, plot a histogram of the estimates and compute
the mean and standard deviation of the estimates.
Comment on the accuracies of the two methods.



Systems of Two First
Order Equations

he first two chapters of this book contain the material most

essential for dealing with single first order differential equations. To

proceed further, there are two natural paths that we might follow.

The first is to take up the study of second order equations and the

other is to consider systems of two first order equations. There are

many important problems in various areas of application that lead
to each of these types of problems, so both are important and we will eventually
discuss both. They are also closely related to each other, as we will show. Our
approach is to introduce systems of two first order equations in this chapter and
to take up second order equations in Chapter 4.

There are many problem areas that involve several components linked together
in some way. For example, electrical networks have this character, as do some
problems in mechanics and in other fields. In these and similar cases, there are
two (or more) dependent variables and the corresponding mathematical problem
consists of a system of two (or more) differential equations, which can always
be written as a system of first order equations. In this chapter, we consider only
systems of two first order equations and we focus most of our attention on systems
of the simplest kind: two first order linear equations with constant coefficients. Our
goals are to show what kinds of solutions such a system may have and how the
solutions can be determined and displayed graphically, so that they can be easily
visualized.

123
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Systems of Two First Order Equations

3.1 Systems of Two Linear
Algebraic Equations

The solution of a system of two linear differential equations with constant coefficients is

directly related to the solution of an associated system of two linear algebraic equations.

Consequently, we start by reviewing the properties of such linear algebraic systems. !
Consider the system

anxy + apxy; = by, (1)

a1X1 + anx; = by,

where ayy, ..., ax, by, and b, are given and x; and x, are to be determined. In matrix
notation, we can write the system (1) as

Ax =b, (2)
where

A=(6111 6112>, X:(X1>, bz(bl>' 3)
ay axn X2 by

Here A is a given 2 x 2 matrix, b is a given 2 x 1 column vector, and xisa 2 x 1 column
vector to be determined.

To see what kinds of solutions the system (1) or (2) may have, it is helpful to visualize
the situation geometrically. If a;; and a;, are not both zero, then the first equation in the
system (1) corresponds to a straight line in the x;x;-plane, and similarly for the second
equation. There are three distinct possibilities for two straight lines in a plane: they may
intersect at a single point, they may be parallel and nonintersecting, or they may be coinci-
dent. In the first case, the system (1) or (2) is satisfied by a single pair of values of x; and
x,. In the second case, the system has no solutions; that is, there is no point that lies on both
lines. In the third case, the system has infinitely many solutions, since every point on one
line also lies on the other. The following three examples illustrate these possibilities.

EEEN
EXAMPLE
1

Solve the system
3X1 — Xy = 8, (4)
X1 +2x, = 5.

We can solve this system in a number of ways. For instance, from the first equation we
have

Xy = 3X1 — 8. (5)
Then, substituting this expression for x; in the second equation, we obtain
x1+23x; —8) =5,

or 7x; = 21, from which x; = 3. Then, from Eq. (5), x, = 1. Thus the solution of the system
(4) is x; = 3, x, = 1. In other words, the point (3, 1) is the unique point of intersection of
the two straight lines corresponding to the equations in the system (4). See Figure 3.1.1.

'We believe that much of the material in this section will be familiar to you. A more extensive discussion
of linear algebra and matrices appears in Appendix A.
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FLElPIHEE BN Geometrical interpretation of the system (4).

EEEN
EXAMPLE
2

Solve the system

X1+ 2x; =1, (6)

X1 +2x, = 5.

We can see at a glance that these two equations have no solution, since x; + 2x; cannot
simultaneously take on the values 1 and 5. Proceeding more formally, as in Example 1, we
can solve the first equation for x;, with the result that x; = 1 — 2x,. On substituting this
expression for x| in the second equation, we obtain the false statement that 1 = 5. Of course,
you should not regard this as a demonstration that the numbers 1 and 5 are equal. Rather, you
should conclude that the two equations in the system (6) are incompatible or inconsistent,
and have no solution. The geometrical interpretation of the system (6) is shown in Figure
3.1.2. The two lines are parallel and therefore have no points in common.

FLElP = IV Geometrical interpretation of the system (6).
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EEEN
EXAMPLE
3

Solve the system

2x1 + 4x, = 10, (7

X1+ 2x, = 5.

Solving the second equation for x|, we find that x; = 5 — 2x,. Then, substituting this
expression for x| in the first equation, we obtain 2(5 — 2x;) + 4x, = 10, or 10 = 10. This
result is true, but does not impose any restriction on x; or x;. On looking at the system (7)
again, we note that the two equations are multiples of each other; the first is just two times
the second. Thus every point that satisfies one of the equations also satisfies the other.
Geometrically, as shown in Figure 3.1.3, the two lines described by the equations in the
system (7) are actually the same line. The system (7) has an infinite set of solutions—all of
the points on this line. In other words, all values of x; and x;, such that x; 4+ 2x, = 5 satisfy
the system (7).

X2
3=
N
2
1- 2x1+4x2=10
\ \ \
1 2 3 4 5\6 X

FLEI0 =N BT  Geometrical interpretation of the system (7).

Let us now return to the system (1) and find its solution. To eliminate x, from the system
(1), we can multiply the first equation by a,;, the second equation by a),, and then subtract
the second equation from the first. The result is

(ar1axn — apax))x| = apby — annb,, ®)
)
by an
apby — anb; by axy
N i — apar ©)
11G22 — A12a21 an  an
az; dax

In Eq. (9), we have written the numerator and denominator of the expression for x; in the
usual notation for 2 x 2 determinants.

To find a corresponding expression for x, we can eliminate x; from Eqs. (1). To do this,
we multiply the first equation by a;1, the second by a1, and then subtract the first equation
from the second. We obtain

(anazz - alzazl)xz =anby —ayby, (10)
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SO
air b

ai by — ax b ay by
Xy = = . (11)
appdzy — dppdz) ay  ap

aryp A

The denominator in Eqgs. (9) and (11) is the determinant of coefficients of the system
(1), or the determinant of the matrix A. We will denote it by det(A), or sometimes by A.

Thus

app  ap

A = det(A) = = aj1an — anay). (12)

azyp A

As long as det(A) # 0, the expressions in Eqs. (9) and (11) give the unique values of x;
and x; that satisfy the system (1). The solution of the system (1) in terms of determinants,
given by Egs. (9) and (11), is known as Cramer’s rule.

The condition that det(A) # 0 has a simple geometric interpretation. Observe that the
slope of the line given by the first equation in the system (1) is —aj; /a2, as long as
a1y # 0. Similarly, the slope of the line given by the second equation is —ay; /as,, provided
that a,; # 0. If the slopes are different, then

ar asi

b

agz az

which is equivalent to
apaxn — apax = det(A) # 0.

Of course, if the slopes are different, then the lines intersect at a single point, whose
coordinates are given by Eqgs. (9) and (11). We leave it to you to consider what happens if
either aj, or ay; or both are zero. Thus we have the following important result.

The system (1),
apxy +apxy = by,
a1x1 + axnx; = b,
has a unique solution if and only if the determinant
A = ayjaxn — apay # 0.

The solution is given by Egs. (9) and (11). If A = 0, then the system (1) has either no
solution or infinitely many.

We now introduce two matrices of special importance, as well as some associated ter-
minology. The 2 x 2 identity matrix is denoted by I and is defined to be

10
1_(0 1). (13)

Note that the product of I with any 2 x 2 matrix or with any 2 x 1 vector is just the matrix
or vector itself.

For a given 2 x 2 matrix A there may be another 2 x 2 matrix B such that
AB = BA = I. There may be no such matrix B, but if there is, then it can be shown
that there is only one. The matrix B is called the inverse of A and is denoted by B = A",
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If A~! exists, then A is called nonsingular or invertible. On the other hand, if A~ does
not exist, then A is said to be singular or noninvertible. In Problem 37, we ask you to show
that if A is given by Eq. (3), then A~!, when it exists, is given by

Al [ e a2 (14)
det(A) \ —ar;  ay

It is easy to verify the correctness of Eq. (14) simply by multiplying A and A~' together.
Equation (14) strongly suggests that A is nonsingular if and only if det(A) # 0, and this is
in fact true. If det(A) = 0, then A is singular, and conversely.

We now return to the system (2). If A is nonsingular, multiply each side of Eq. (2) on
the left by A~!. This gives

A"Ax=A""b,

or -1
Ix=A""b,

o x=A"lb. (15)

It is straightforward to show that the result (15) agrees with Egs. (9) and (11).

Homogeneous Systems. Ifb; = b, = 0 in the system (1), then the system is said to be homogeneous; oth-

THEOREM
3.1.2

erwise, it is called nonhomogeneous. Thus the general system of two linear homogeneous
algebraic equations has the form

anxy +apxy; =0, (16)
ax1x1 + anx; =0,

or, in matrix notation,
Ax = 0. 17
For the homogeneous system (16) the corresponding straight lines must pass through the
origin. Thus the lines always have at least one point in common, namely, the origin. If the
two lines coincide, then every point on each line also lies on the other and the system (16)
has infinitely many solutions. The two lines cannot be parallel and nonintersecting. In most
applications, the solution x; = 0, x, = 0 is of little interest and it is often called the triv-
ial solution. According to Egs. (9) and (11), or Eq. (15), this is the only solution when
det(A) # 0, that is, when A is nonsingular. Nonzero solutions occur if and only if
det(A) =0, that is, when A is singular. We summarize these results in the following theorem.

The homogeneous system (16) always has the trivial solution x; = 0, x, = 0, and this is
the only solution when det(A) # 0. Nontrivial solutions exist if and only if det(A) = 0.
In this case, unless A = 0, all solutions are proportional to any nontrivial solution; in
other words, they lie on a line through the origin. If A = 0, then every point in the
Xx1x2-plane is a solution of Eqgs. (16).

The following examples illustrate the two possible cases.

HEEEN
EXAMPLE
4

Solve the system
3x1 —x, =0, (18)

X1+ 2x, = 0.



3.1 Systems of Two Linear Algebraic Equations 129

From the first equation, we have x, = 3x;. Then, substituting into the second equation,

we obtain 7x; = 0, or x; = 0. Then x, = 0 also. Note that the determinant of coefficients
has the value 7 (which is not zero) so this confirms the first part of Theorem 3.1.2 in this
case. Figure 3.1.4 shows the two lines corresponding to the equations in the system (18).

x2

3361—96220

FLelBIH=e iy I Geometrical interpretation of the system (18).

EEEN
EXAMPLE
5

Solve the system
2x1 +4x; =0, (19)
X1+ 2x, = 0.

From the second equation, we have x; = —2x;. Then, from the first equation, we obtain
—4xy + 4x, = 0, or 0 = 0. Thus x;, is not determined, but remains arbitrary. If x, = ¢,
where c is an arbitrary constant, then x; = —2c¢. Thus solutions of the system (19) are of
the form (—2c¢, c), or ¢(—2, 1), where ¢ is any number. The system (19) has an infinite set of
solutions, all of which are proportional to (—2, 1), or to any other nontrivial solution. In the
system (19) the two equations are multiples of each other and the determinant of coefficients
has the value zero. See Figure 3.1.5.

Eigenvalues and Eigenvectors

The equation y = Ax, where A is a given 2 x 2 matrix, can be viewed as a transformation,
or mapping, of a two-dimensional vector x to a new two-dimensional vector y. For example,

suppose that
11 1
A= , = . 20
(03) () »
Then
06 e
4 1 1 5
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X2
1 L
2x1+4x2:O 0.5~
\ \ \ \
-2 -1 1 2 X1
0.5
X1+ 2362 =0
1k

FLET0 =TT Geometrical interpretation of the system (19).

thus the original vector x has been transformed into the new vector y. Similarly, if A is given
by Eq. (20) and x = (2, —1), then

1 1 2 1
and so on.

In many applications it is of particular importance to find those vectors that a given
matrix transforms into vectors that are multiples of the original vectors. In other words, we
want y to be a multiple of x; that is, y = Ax, where A is some (scalar) constant. In this case,
the equation y = Ax becomes

AX = AX. (23)

If x = 0, then Eq. (23) is true for any A and for any A, so we require X to be a nonzero vector.
Then, since Ix = x, we can rewrite Eq. (23) in the form

Ax = Alx, (24)

or
(A —ADx = 0. (25)

To see the elements of A — AL, we write

A_oI= [ az)_ A 0)_ fan—r  an ‘ (26)
ay an 0 2 as ayp — A

Recall that we are looking for nonzero vectors x that satisfy the homogeneous system
(25). By Theorem 3.1.2, nonzero solutions of this system occur if and only if the determinant
of coefficients is zero. Thus we require that

ap — A ap

det(A — AI) = =0. 27)

az; an — X
Writing Eq. (27) in expanded form, we obtain

(a1 — M)(axn — A) — anay = A* — (an + an)r + anan — apay = 0. (28)
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Equation (28) is a quadratic equation in A, so it has two roots A; and A,. The values X,
and A, are called eigenvalues of the given matrix A. By replacing A by X; in Eq. (25) and
solving the resulting equation for x, we obtain the eigenvector x; corresponding to the
eigenvalue 1. In a similar way, we find the eigenvector x, that corresponds to the second
eigenvalue A;. The eigenvectors are not determined uniquely, but only up to an arbitrary
constant multiplier.

Equation (28), which determines the eigenvalues, is called the characteristic equation of
the matrix A. The constant term in this equation is just the determinant of A. The coefficient
of A in Eq. (28) involves the quantity a;; + a2, the sum of the diagonal elements of A. This
expression is called the trace of A, or tr(A). Thus the characteristic equation is sometimes

written as
A% — tr(A)A + det(A) = 0. (29)

We are assuming that the elements of A are real numbers. Consequently, the coefficients
in the characteristic equation (28) are also real. As a result, the eigenvalues 1 and A, may be
real and different, real and equal, or complex conjugates. The following examples illustrate
the calculation of eigenvalues and eigenvectors in each of these cases.

AEEEN
EXAMPLE
6

Find the eigenvalues and eigenvectors of the matrix

11
A= . (30)
In this case, Eq. (25) becomes

(2 5)0)-C)

The characteristic equation is
1= —4=22-24-3==-3)(r+1)=0, (32)

so the eigenvalues are A; = 3 and A, = —1.
To find the eigenvector x; associated with the eigenvalue A;, we substitute A = 3 in

Eq. (31). Thus we obtain
<_2 1) <XI) 2(0). o
4 =2 X7 0

Observe that the rows in Eq. (33) are proportional to each other (as required by the vanishing
of the determinant of coefficients), so we need only consider one row of this equation.
Consequently, —2x; + x, = 0, or x, = 2x|, while x| remains arbitrary. Thus

()0

where ¢ is an arbitrary constant. From Eq. (34), we see that there is an infinite set of
eigenvectors associated with the eigenvalue A;. It is usually convenient to choose one
member of this set to represent the entire set. For example, in this case, we might choose

1
X| = <2> (35)
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and even refer to it as the eigenvector corresponding to A ;. However you should never forget
that there are actually infinitely many other eigenvectors, each of which is proportional to
the chosen representative.

In the same way, we can find the eigenvector x, corresponding to the eigenvalue A,. By
substituting A = —1 in Eq. (31), we obtain

(2)(2)-C)

Thus x, = —2x, so the eigenvector x; is

x2=< 1), 37)
-2

or any vector proportional to this one.

EEEN
EXAMPLE
7

Find the eigenvalues and eigenvectors of the matrix

[a—

_1
A= 2 ) (38)
-1 =

In this case, we obtain, from Eq. (25),

SO
-1 —%—)» X2 0

The characteristic equation is
(12 +1=2+21+3=0, (40)

so the eigenvalues are L. 1.
P S Y (a1)

For A = A1 Eq. (39) reduces to

(4 2)()-6)

Thus x, = ix; and the eigenvector x; corresponding to the eigenvalue A; is

x]=<1,), (43)
1

or any vector proportional to this one. In a similar way, we find the eigenvector x; corre-
sponding to A, namely, .
X; = < ) . (44)
—i

Observe that x; and x; are also complex conjugates. This will always be the case when the
matrix A has real elements and a pair of complex conjugate eigenvalues.
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EEEN
EXAMPLE Find the eigenvalues and eigenvectors of the matrix
¢ 1 1
A= ). (45)
1 3
From Eq. (25), we obtain
1—A —1 X1 _ 0 ] ( 4 6)
1 3—A X2 0
Consequently, the characteristic equation is
1-0)B—-+1=22—-dr+4=1r—-27%=0, (47)
and the eigenvalues are 1| = X, = 2.
Returning to Eq. (46) and setting A = 2, we find that
-1 -1 xi) _ (0 . 3)
1 1 X2 0
Hence x, = —x, so there is an eigenvector
w=( ') (49)
-1
As usual, any other (nonzero) vector proportional to X; is also an eigenvector.

However, in contrast to the two preceding examples, in this case there is only one distinct
family of eigenvectors, which is typified by the vector x; in Eq. (49). This situation is
common when a matrix A has a repeated eigenvalue.

The following example shows that it is also possible for a repeated eigenvalue to be
accompanied by two distinct eigenvectors.

EEEN
EXAMPLE Find the eigenvalues and eigenvectors of the matrix
9

(20
A_(O 2). (50)
0 2-2/\x 0

In this case, Eq. (25) becomes

Thus the characteristic equation is

Q2—-1*=0, (52)

and the eigenvalues are 1| = A, = 2. Returning to Eq. (51) and setting A = 2, we obtain

(00)(2)-C)
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Thus no restriction is placed on x; and x;; in other words, every nonzero vector in the plane
is an eigenvector of this matrix A. For example, we can choose as eigenvectors

o) e

or any other pair of nonzero vectors that are not proportional to each other.

Sometimes a matrix depends on a parameter and, in this case, its eigenvalues also depend
on the parameter.

EEEN
EXAMPLE Consider the matrix
10
a=( 2 @), (55)
-1 0
where « is a parameter. Find the eigenvalues of A and describe their dependence on «.
The characteristic equation is
Q- 4+a=1*—-214+a=0, (56)
so the eigenvalues are
24+ /4 —4a
)\zleivl—ol. (57)
Observe that, from Eq. (57), the eigenvalues are real and different when o < 1, real and
equal when @ = 1, and complex conjugates when o > 1. As « varies, the case of equal
eigenvalues occurs as a transition between the other two cases.
We will need the following result in Sections 3.3 and 3.4.
THEOREM Let A have real or complex eigenvalues A; and X, such that A; # A,, and let the
3.1.3 corresponding eigenvectors be

X X
X| = 1 and X); = 2.
X21 X22

If X is the matrix with first and second columns taken to be x; and x;, respectively,

X = ("“ ’“2), (58)
X21 X22
then
det(X) = | "' 12| 0. (59)
X21 X22
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Proof: To prove this theorem, we will assume that det(X) = 0 and then show that this leads to a
contradiction. If det(X) = 0, then the linear combination
X12X11 — X11X 0
PR —— nxe ) _ . (60)
X12X21 — X11X22 0

The first component is obviously zero, while the second component is —det(X) = 0.
Equation (60) implies that

X; = kxq, (61)

where £ is a nonzero scalar. To show this, we consider the four cases (i) x;; # 0 and
X12 75 0, (11) X111 = 0, (111) X1 = 0, and (IV) X111 =X12 = 0.

In case (i), we write Eq. (60) in the form x;;x; = x1,X; and divide through by x;; to get
x, = kx;, where k = x|, /x1 is nonzero.

In case (ii), if x;; = 0, then the second component of Eq. (60) reduces to x,x;; = 0.
Since x; is an eigenvector, it cannot be 0; consequently, its second component, x,, must be
nonzero. It follows that x;, = 0. Then x; and x, must have the forms

x1=(0> and x2=<0), (62)
X21 X22

where both x;; and xy, are nonzero, because the eigenvectors x; and x, are nonzero by
definition. It follows that Eq. (61) holds with & = x5, /x2;.

Interchanging the roles of x|; and x1,, case (iii) is identical to case (ii).

Case (iv) results in Eq. (62) directly. Thus Eq. (61) also holds with k£ = x25/x7;.

Thus, we have established that the assumption det(X) = 0 implies Eq. (61) in which
k # 0. Multiplying Eq. (61) by A gives

Ax, = A(kx)) = kAx; = kAixy,
whereas on the other hand, we have
Axy = AoXp = Ap(kX)) = kAoXx.
Taking the difference of these two equations gives us the equation
k(A1 —A2)x; =0 (63)

in which k£ #£ 0, Ay — A, # 0 since A; # Ay, and x; # 0 because it is an eigenvector. Since
the assumption det(X) = 0 leads to the contradictory statement (63), we conclude that
det(X) # 0. |

Remark. If you are familiar with the concepts of linear dependence and linear independence,
then you will recognize that Theorem 3.1.3 states that if the eigenvalues of A are distinct,
then the eigenvectors are linearly independent.

PROBLEMS
E NN NN NN EEEEEEEEEN

In each of Problems 1 through 12: 3. x1+3x =0, 2x1—x,=0
(a) Find all solutions of the given system of equations.
(b) Sketch the graph of each equation in the system.

Are the lines intersecting, parallel, or coincident?

—Xx1 +2x, =4, 2x1—4x, =—-6
2x1 —3x, =4, x1+2x,=-5

3x) = 2x, =0, —6x;+4x, =0
2x;1 —3x, =6, —4x;+6x,=-—12
Ax1 +x, =0, 4x; —3x, =—-12

1. 2x1 +3x, =7, —3x1+x,=-5
2. x1—2x2=10, 2x1+3x2=6

ol B A
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9. x; +4x, =10, 4x;+x, =10 3 3 1 —1
— 2 —
10, x; +x=-1, —x1+2x,=4 25 A= _% ) 26. A= 5 3
11. 4x; —3x, =0, —2x1+5x, =0 | . 5 .
12. 2x1 4+ 5% =0, 4x; 4+ 10x, =0 27-A=( 0 ;) 28-A=< | 2)
-2 - —
In each of Problems 13 through 32, find the eigenvalues
and eigenvectors of the given matrix. 1 2 _1 _1
29. A= 30. A= 2
oa=(2 7 oa=( 7 - -l 2 -3
’ _(2 —2) U 4—1)
503 7 1
oA (? oAl 2 A= |" ¢ 32.A=<1 2)
S. = . = 3 5 —=
(i 21) =) s N
1 4 s 3 In each of Problems 33 through 36:
17. A= ( ) 18. A = 4 4 (a) Find the eigenvalues of the given matrix.
I -1 -3 -1 (b) Describe how the nature of the eigenvalues depends
on the parameter « in the matrix A.
_3 1 2 -1
— 2 — 2
19'A_<_1 1 ZO'A—<3 _2) 33 A= * A= 4
1 2 1 =3 —a 2
aoAa=(2 7 2 A= (03 oAz (! 2 6. A= I @
1 -2 2 1 3 2 3
s 37. Ifdet(A) # 0, derive the result in Eq. (14) for A=!.
23. A = ( ! 1) 24. A = (‘:‘ _3> 38. Show that A = 0 is an eigenvalue of the matrix A
4 -2 3 —1 if and only if det(A) = 0.
3.2 Systems of Two First Order Linear
Differential Equations
We begin our discussion of systems of differential equations with a model of heat exchange
between the air inside a greenhouse and an underground rockbed in which heat, derived
from solar radiation, is accumulated and stored during the daytime. The mathematical
model requires two dependent variables: (1) the air temperature in the greenhouse, and (2)
the temperature of the rockbed. At night, when the air temperature outside the greenhouse
is low, heat from the rockbed is used to help keep the air in the greenhouse warm, thereby
reducing the cost of operating an electrical or petroleum-based heating system.
EEEN
EXAMPLE Consider the schematic diagram of the greenhouse/rockbed system in Figure 3.2.1. The
1 rockbed, consisting of rocks ranging in size from 2 to 15 cm, is loosely packed so that air
A Rockbed can easily pass through the void space between the rocks. The rockbed, and the underground
ockbe portion of the air ducts used to circulate air through the system, are thermally insulated
Heat Storage from the surrounding soil. Rocks are a good material for storing heat since they have a high
System energy-storage capacity, are inexpensive, and have a long life.

During the day, air in the greenhouse is heated primarily by solar radiation. Whenever
the air temperature in the greenhouse exceeds an upper threshold value, a thermostatically
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Airin

Fan %

Air out

Rock bed Insulation

FLElB =AY Schematic side view of greenhouse and rock storage bed.

controlled fan circulates the air through the system, thereby transferring heat to the rockbed.
At night, when the air temperature in the greenhouse drops below a lower threshold value,
the fan again turns on, and heat stored in the rockbed warms the circulating air.

We wish to study temperature variation in the greenhouse during the nighttime phase of
the cycle. A simplified model for the system is provided by lumped system thermal analysis,
in which we treat the physical system as if it consists of two interacting components. Assume
that the air in the system is well mixed so that both the temperature of the air in the greenhouse
and the temperature of the rockbed are functions of time, but not location. Let us denote
the air temperature in the greenhouse by u; () and the temperature of the rockbed by u,(?).
We will measure ¢ in hours and temperature in degrees Celsius.

The following table lists the relevant parameters that appear in the mathematical model
below. We use the subscripts 1 and 2 to indicate thermal and physical properties of the air
and the rock medium, respectively.

my, mp  total masses of air and rock

C,, C,  specific heats of air and rock

Ay, Ay area of above-ground greenhouse enclosure and area of the air—rock interface
hy, hy heat transfer coefficients across interface areas 4; and 4,

T, temperature of air external to the greenhouse

The units of Cy, and C; are J/kg - °C, while the units of 4, and &, are J/h - m?3 - °C. The
area of the air-rock interface is approximately equal to the sum of the surface areas of the
rocks in the rock storage bed.

Using the law of conservation of energy, we get the differential equations

du 1

mIC]W = —hA\(uy — T,) — ha Ao (uy — us), (D

du
mzczd—tz = —hyAy(uz — uy). 2
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Equation (1) states that the rate of change of energy in the air internal to the system equals the
rate at which heat flows across the above-ground enclosure (made of glass or polyethylene)
plus the rate at which heat flows across the underground air—rock interface. In each case, the
rates are proportional to the difference in temperatures of the materials on each side of the
interface. The algebraic signs that multiply each term on the right are chosen so that heat
flows in the direction from hot to cool. Equation (2) arises from the following reasoning.
Since the rockbed is insulated around its boundary, heat can enter or leave the rockbed only
across the air-rock interface. Energy conservation requires that the rate at which heat is
gained or lost by the rockbed through this interface must equal the heat lost or gained by
the greenhouse air through the same interface. Thus the right side of Eq. (2) is equal to the
negative of the second term on the right-hand side of Eq. (1).
Dividing Eq. (1) by m;C; and Eq. (2) by m,C; gives

du
— = ki = T~k — ). 3)
t
du2
22— ehy(ur — uy), 4
i eko(uy —uy) )
or, rearranging terms,
du
d_tl = _(kl +k2)u1 +k2u2 + leas (5)
du2
—= = €hkou; — €kruy, 6
dt €U ERQUY ( )
where
hid, hy A, mC
k = —, k = ) d = : 7
e 2T mG o ¢ mCy @

Note that Egs. (5)and (6) are an extension to two materials of Newton’s law of cooling,
introduced in Example 1 in Section 1.1. In the current application, the dimensionless pa-
rameter €, the ratio of the energy storage capacity of the greenhouse air to the energy storage
capacity of the rockbed, is small relative to unity? because m; C; is much smaller than m,C,.

Let us suppose that = 0 corresponds to the beginning of the nighttime phase of the
cycle, and that starting values of u; and u, are specified at this time by

u1(0) =wuro,  u2(0) = uz. (®)

The pair of differential equations (5) and (6), together with the initial conditions (8), con-
stitute a mathematical model for the variation of air temperature in the greenhouse and
the temperature of the rockbed during the nighttime phase of the cycle. Solutions of these
equations for u(¢) and u,(¢) can assist us in designing a solar-powered rockbed heating
system for the greenhouse. In particular, the solutions can help us determine the size of
the rockbed relative to the volume of the greenhouse, to determine optimal fan speeds, and
to determine required rockbed temperatures satisfactory for keeping the greenhouse warm
during the night.

In order to plot graphs of solutions of the initial value problem (5), (6), and (8) on a
computer, it is necessary to assign numerical values to the parameters &, k», €, and 7, as well
as to the initial conditions u1o and u,g. Values for k1, k», and € may be estimated by consulting

2In mathematics, the notation 0 < € < 1 is frequently used to represent the statement, “The positive number
€ is small compared to unity.”
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tables of heat transfer coefficients and thermal properties of gases and building materials,
whereas values for 7,, ujo, and upy may be chosen to represent different experimental
scenarios of interest. In general, 7, can vary with ¢, but we will assume the simplest case,
in which 7, is assumed to be constant. In preliminary stages of model development, an
investigator may use a number of educated guesses for the parameter values to get a feeling
for how solutions behave and to see how sensitive solutions are to changes in the values
of the parameters. For the time being, we choose the following values as a compromise
between realism and analytical convenience:

ky = %7 by = 3, €=z, and T, = 16°C. ©

Blw
W —

Substituting these values into Egs. (5) and (6) then gives

du 13 3
Lo (2 - 14 1
- (8)u1+<4)u2+ : (10)

du, 1 1
da _ (Z>u1 - (Z)uz. (an

Equations (10) and (11) constitute an example of a first order system of differential
equations. Each equation contains the unknown temperature functions, u; and u,, of the
two interacting components that make up the system. The equations cannot be solved
separately, but must be investigated together. In dealing with systems of equations, it is most
advantageous to use vector and matrix notation. This saves space, facilitates calculations,
and emphasizes the similarity between systems of equations and single (scalar) equations,
which we discussed in Chapters 1 and 2.

Matrix Notation, Vector Solutions, and Component Plots
We begin by rewriting Egs. (10) and (11) in the form

duy /dt E

[ °® (”1>+(14>. (12)
dus/di Lol \w 0

Next we define the vectors u and b and the matrix K to be

u:(‘”), b=(104), K=| : (13)
uj _

Then Eq. (12) takes the form

BNV

N

s 23
Bl= AW

M utb (14)
a— u .
di

Using vector notation, the initial conditions in Eq. (8) are expressed as

u(0) = up = (”10). (15)
uso

Using methods discussed later in this chapter, we will be able to find all solutions of
Eq. (14). But first, we want to discuss what we mean by a solution of this equation. Consider
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the vector function

_(nm@®) _ ge /8 [ 1) _ 4o-71/4 6 4 16
u(t) 2 -1 16
_ (86_’/8 — 24T 4 16)

(16)
16718 4= T1/% 4 16

There are two ways that we can show u in Eq. (16) is a solution of Eq. (14). One way is to
substitute the two components of u, u(f) = 8e™/8 — 24e~7"/* 1 16 and u,(f) = 16e~"/3 +
4¢77/* 4 16, into each of Eqgs. (10)and (11). If, upon substitution, each equation reduces
to an identity?, then u is a solution. Equivalently, we can use matrix formalism to show that
substituting u into Eq. (14) results in a vector identity, as we now demonstrate. Substituting
the right side of Eq. (16) for u on the left side of Eq. (14) gives

du <—e’/8 +42e7’/4)

dt — \ _pe—t/8 _ 7e-Tt/4 a7)

On the other hand, substituting for u on the right side of Eq. (14), and using the rules of
matrix algebra, yield

_ —1/8 _ —7t/4
Ku+b = 13/8  3/4\ [ 8e 24e +16 N 14
1/4 —1/4) \16e"/® +4¢77/% + 16 0
—13e7/8 £39¢771/4 — 26 + 12e7/3 4 3e77H/* 4 12 N 14
20718 — 674 4 4 — 4ot/ —o7TA g 0

18 —7t/4
:< e”'" +42e ) (18)

_Ze—t/8 _ 76_7t/4

Since the right side of Eq. (17) and the last term in Eq. (18) agree, u in Eq. (16) is indeed
a solution of u' = Ku + b.
Note also that if we evaluate Eq. (16) at = 0, we get

0
0) = : 19
u(0) (36> (19)

Thus u in Eq. (16) is a solution of the initial value problem (14) and (19).

The components of u are scalar valued functions of #, so we can plot their graphs. Plots
of u; and u, versus ¢ are called component plots. In Figure 3.2.2 we show the component
plots of u; and u,. Component plots are useful because they display the detailed dependence
of u; and uy on ¢ for a particular solution of Eq. (14). From Figure 3.2.2 we see that the
temperature u; of the air, ostensibly heated by the rockpile, rises rapidly, in 2.3 h, from 0°C
to approximately 21.6°C. During that same period, the rockpile cools from 36°C to roughly
28°C, a change of only 8°C. Thereafter, both u; and u, slowly approach the same constant
limiting value as t — oco. From Eq. (16) we see that

lim u(r) = (ig) , (20)

3In this context, an identity is an equation that is true for all values of the variables, for example, 0 = 0 or
t sin(wt) = t sin(wt). A vector identity is an equation in which corresponding components of the equation
are identities, for example, cos(w?)i+ ¢ sin(wt) j = cos(wt) i+ t sin(wt) j.
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Uy, Uy

15

Equilibrium solution: u4(¢) = uy(t) = 16

10

| | | | | |
2.3 5 10 15 20 25 30 ¢

SV =Pl Component plots of the solutions to the initial value problems (14), (19)
and (14), (21).

—t/8 —7t/4
2

since all other terms in the solution contain one of the exponential factors, e™/° or e
which tend to 0 as # — oo. Note that the constant vector u = 16i + 16j is also a solution,
since substituting it into Eq. (14) results in the identity 0 = 0. This solution satisfies the

initial condition
16
u(0) = . (21)

Included in Figure 3.2.2 are plots of these constant values of u; and u,. Physically, this
solution corresponds to thermal equilibrium: the temperature of the greenhouse air and the
temperature of the rockbed, if set initially to the outside air temperature 7, in this case
16°C, do not change in time.

A possible disadvantage of this graphical approach is that we must construct another set
of component plots each time we change the initial conditions for Eq. (14). Changing the
values of k1, k5, and € may require additional component plots. Fortunately, other methods
of graphing solutions of Eq. (14) are available, so that we need not be overwhelmed by a
dizzying array of component plots.

Geometry of Solutions: Direction Fields and Phase Portraits

We introduce here some common, and conceptually useful, terminology for systems such
as Eq. (14). The variables u; and u, are often called state variables, since their values
at any time describe the state of the system. For our greenhouse/rockbed system, the state
variables are the temperature of the air in the greenhouse and the temperature of the rockbed.
Similarly, the vector u = u;i + u,j is called the state vector of the system. The u,u;-plane
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itself is called the state space. If there are only two state variables, the u;u,-plane may be
called the state plane or, more commonly, the phase plane.
If u;(¢) and u;(¢) are the components of a solution u to Eq. (15), the parametric equations

uy = u(t), uy = us(t) (22)

give the coordinates | and u; of a point in the phase plane as functions of time. Each value
of the parameter ¢ determines a point (u (), u»(%)), and the set of all such points is a curve
in the phase plane. The solution u = u(¢)i 4 u,(¢)j may be thought of as a position vector
of a particle moving in the phase plane. As ¢ advances, the tip of the vector u traces a curve
in the phase plane, called a trajectory or orbit, that graphically displays the path of the
state of the system in the state space. The direction of motion along a solution trajectory is
obtained by noting that for each ¢, a solution must satisfy the equation

u(1) = Ku(t) + b. (23)

Equation (23) shows that the velocity u/(¢) of the particle at the point with position vector
u(?) is given by the vector Ku(#) + b. Thus, if we draw the vector Ku + b with its tail at the
point with position vector u, it indicates the instantaneous direction of motion of the particle
along a solution curve at that point, and its length tells us the speed of the solution as it passes
through that point. We have done this for several values of # € [1, 3] on part of the trajectory
associated with u in Eq. (16), as shown in Figure 3.2.3. Since these velocity vectors vary
greatly in length, from the very long to the very short, we have scaled the lengths of the
vectors so that they fit nicely into the graph window. Note that it is not necessary to know a
solution of Eq. (23) in order to plot these velocity vectors. If a trajectory passes through the
point with position vector u, then the velocity vector that we attach to that point is obtained
by simply evaluating the right side of the system (23) at u. In other words, the right side of
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FLElBI =iV Ie T The vector field for the system (23) in the rectangle 19 < u; < 23,
25.75 < upy < 31 that contains the solution (16) for 1 < ¢ < 3.
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Eq. (23) defines a vector field F(u;, u;) for the system through the relation

13u 3u . u Uy .
F(ul,uz)=1<u+b={— 81+Tz+14}‘+{71‘?2}" (24)
In the rectangular region shown in Figure 3.2.3, we have plotted several (uniformly scaled)
velocity vectors using Eq. (23).

Direction Fields

In general, the right side of a system of first order equations defines a vector field that governs
the direction and speed of motion of the solution at each point in the phase plane. Because
the vectors generated by a vector field for a specific system often vary significantly in length,
it is customary to scale each nonzero vector so that they all have the same length. These
vectors are then referred to as direction field vectors for the system (14) and the resulting
picture is called the direction field. Direction fields are easily constructed using a computer
algebra system. Since direction field vectors all have the same length, we lose information
about the speed of motion of solutions, but retain information about the direction of motion.
Just as for the direction fields that we saw in Chapters 1 and 2 for single first order equations,
we are able to infer the general behavior of trajectories, or solutions, of a system such as
Eq. (14) by looking at the direction field.

Phase Portraits

Using a computer, it is just as easy to generate solution trajectories as it is to generate
direction fields. A plot of a representative sample of the trajectories, including any constant
solutions, is called a phase portrait of the system of equations. Each trajectory in the
phase portrait is generated by plotting, in the u;u,-plane, the set of points with coordinates
(u1 (1), up(¢)) for several values of 7, and then drawing a curve through the resulting points.
The values of u(#) and u,(¢) can be obtained from analytical solutions of Eq. (14), or, if
such solutions are not available, by using a computer to approximate solutions of Eq. (14)
numerically. The qualitative behavior of solutions of a system is generally made most clear
by overlaying the phase portrait for a system with its direction field. The trajectories indicate
the paths taken by the state variables, whereas the direction field indicates the direction of
motion along the trajectories. Figure 3.2.4 shows the phase portrait for Eq. (14) in the region
0<u <30,0 <u, <40.

The black trajectory corresponds to the solution (16), for which the component plots
appear in Figure 3.2.2. We have labeled the position of the state of the system at times # = 0,
1,2, 3,4, 5 to show how the rapid increase in # during the first 2 to 3 hours does not show
up in the phase portrait. After that, the state appears to move at a much slower rate along a
straight line toward the equilibrium solution u = 16i + 16j discussed earlier.

As discussed in Chapter 1, there are three complementary approaches to the study of
differential equations: geometric (or qualitative), analytic, and numeric. Direction fields and
phase portraits are examples of the geometric approach. In the next section, we will present
an analytic method that, in addition to giving analytic solutions to the system (12) or (14),
provides additional information about the geometry of solutions and the rate of approach
to equilibrium. In the meantime, we assume that you have software that can produce plots
similar to those in Figures 3.2.2 and 3.2.4. Such software packages plot direction fields
and compute numerical approximations to solutions, which can be displayed as phase plane
trajectories and component plots. They are very useful, not only for plotting solutions of
systems that can be easily solved, but especially for investigating systems that are more
difficult, if not impossible, to solve analytically.
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FLel0) =i Phase portrait for the system (14).

General Solutions of Two First Order Linear Equations

The system (12) or (14) belongs to a much more general class of problems, which we obtain
by replacing the constant coefficients on the right side by functions of the independent
variable 7. Thus we obtain the general system of two first order linear differential equations

dy/dt Dp21(1)x + pry + (1)

Using vector notation, we can write the linear system (25) as

dx/dt\ _ ( pn@x +poy+ai@)) (25)

d
d—’t‘ — P(H)x + (1), (26)

where

X = X ; P(t) — pll(t) plZ(t) ) and g(t) — 81 (t) ) (27)
y pa(t)  pxn(t) 8(1)

Again, we refer to x and y as state variables, to x as the state vector, and to the xy-plane as
the state plane, or (usually) the phase plane.

The system (25) is called a first order linear system of dimension two because it consists of
first order equations and because its state space (the xy-plane) is two-dimensional. Further,
if g(r) = 0 for all ¢, that is, g;(f) = g2(¢) = 0 for all 7, then the system is said to be
homogeneous. Otherwise, it is nonhomogeneous. For example, the system (12), or (14),
is nonhomogeneous.

Frequently, there will also be given initial conditions

x(fo) =xo,  y(to) = yo, (28)
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or
X(to) = Xo, (29)

where xg = xoi + yoj. Equations (25) and (28), or in vector form Egs. (26) and (29), form
an initial value problem.

A solution of the system (25) consists of two differentiable functions x = ¢(#) and
v = ¥ () that satisfy Eqs. (25) for all values of 7 in some interval /. In vector terminology,
a solution is a vector x = ¢(¢) = ¢(£)i + ¥ (¢)j that satisfies Eq. (26) for all 7 in /.

From a graphical or visual point of view, the system (25), or (26), is relatively difficult to
investigate because the right sides of these equations depend explicitly on the independent
variable ¢. This means that a direction field for these systems changes with time. For the
same reason, a phase portrait for such a system is also not useful. It is still possible, of
course, to draw component plots of x versus ¢ and y versus ¢ for such systems.

Existence and Uniqueness of Solutions

It may be important to know that the initial value problem (25), (28), or (26), (29) has a
unique solution, and there is a theorem (stated below) that asserts this is the case. This
theorem is analogous to Theorem 2.3.1 that deals with initial value problems for first
order linear equations. The importance of such a theorem to mathematicians is first, that it
ensures that a problem you are trying to solve actually has a solution; second, that if you
are successful in finding a solution, you can be sure that it is the only one; and third, that
it promotes confidence in using numerical approximation methods when you are sure that
there is actually something to approximate.

THEOREM Let each of the functions p;, ..., p2, g1, and g, be continuous on an open interval / =
3.21 a <t < pB,letty be any point in /, and let xy and yy be any given numbers. Then there
exists a unique solution of the system (25)

(dx/dt) _ < put)x + oy + gl(r>>
dy/dt P21()x + pny + &(t)

that also satisfies the initial conditions (28)

x(to) = Xo, y(to) = yo-

Further, the solution exists throughout the interval /.

In some cases, the existence of solutions can be demonstrated by actually finding them,
and much of this book is devoted to that goal. However, a proof of Theorem 3.2.1, in general,
is too difficult to give here; it may be found in many more advanced books on differential
equations.

Observe that the interval of existence of the solution is the entire interval / in which the
hypotheses are satisfied. Further, the initial values xy and y, are completely arbitrary.

Linear Autonomous Systems

If the right side of Eq. (26) does not depend explicitly on the independent variable 7, the
system is said to be autonomous. For Eq. (26) to be autonomous, the elements of the
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coefficient matrix P and the components of the vector g must be constants. We will usually
use the notation

X _ Ax+b 30

ar - AxTd (30)
where A is a constant matrix and b is a constant vector, to denote autonomous linear systems.
Since the entries of A and the components of b are constants, and therefore continuous for
all ¢, Theorem 3.2.1 implies that any solution of Eq. (30) exists and is unique on the entire
t-axis. Direction fields and phase portraits are effective tools for studying Eq. (30), since the
vector field Ax + b does not change with time. Note that Eq. (14) for the greenhouse/rockbed
system is of this type.

Recall that in Section 2.4 we found that equilibrium, or constant, solutions were of
particular importance in the study of single first order autonomous equations. This is also
true for autonomous systems of equations. For the linear autonomous system (30), we find
the equilibrium solutions, or critical points, by setting dx/dt equal to zero. Hence any
solution of

Ax = —b (€29

is a critical point of Eq. (30). If the coefficient matrix A has an inverse, as we usually assume,
then Eq. (31) has a single solution, namely, x = —A~'b. This is then the only critical point
of'the system (30). However, if A is singular, then Eq. (31) has either no solution or infinitely
many.

It is important to understand that critical points are found by solving algebraic, rather than
differential, equations. As we shall see later, the behavior of trajectories in the vicinity of
critical points can also be determined by algebraic methods. Thus a good deal of information
about solutions of autonomous systems can be found without actually solving the system.

EEEN
EXAMPLE
2

Consider again the greenhouse/rockbed system of Example 1. F